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Node-Constrained Traffic Engineering:
Theory and Applications
George Trimponias, Yan Xiao, Xiaorui Wu, Hong Xu, and Yanhui Geng
Abstract—Traffic engineering (TE) is a fundamental task in
networking. Conventionally, traffic can take any path connect-
ing the source and destination. Emerging technologies such as
segment routing, however, use logical paths going through a
predetermined set of middlepoints. Inspired by this, in this work
we introduce the problem of node-constrained TE, where traffic
must go through a set of middlepoints, and study its theoretical
fundamentals. We show that the general node-constrained TE
that constrains the traffic to take paths going through one or more
middlepoints is NP-hard for directed graphs but strongly poly-
nomial for undirected graphs, unveiling a profound dichotomy
between the two cases. We additionally investigate the popular
variant of node-constrained TE that uses shortest paths between
middlepoints, and show that the problem can now be solved in
weakly polynomial time for a fixed number of middlepoints. Yet
if we constrain the end-to-end paths to be acyclic, the problem
can become NP-hard. This explains why existing work focuses on
the computationally tractable variant. An important application
of our work concerns the computational complexity of flow
centrality, first proposed in 1991 by Freeman et al. [21]: we
show that it is NP-hard for directed but strongly polynomial
for undirected graphs. Finally, we investigate the middlepoint
selection problem in general node-constrained TE. We introduce
group flow centrality as a solution concept for multi-commodity
networks, study its complexity, and show that it is monotone
but not submodular for both directed and undirected graphs.
Our work provides a thorough theoretical treatment of node-
constrained TE and its applications.
Index Terms—Traffic Engineering, Node-Constrained, Seg-
ment Routing, Flow Centrality, Group Maximum Flow
I. INTRODUCTION
Traffic engineering (TE) is an important task for network
operators to improve network efficiency and application per-
formance. TE is exercised in a wide range of networks, from
carrier networks [20], [27] to data center backbones [29], [30].
Increasingly, TE is implemented using SDN (Software Defined
Networking) given its flexibility. Notable examples include
Google’s B4 [30] and Microsoft’s SWAN [29]. Implementing
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TE in the data plane requires a large number of flow table
entries on switches. This is because each switch on the path
needs to have an entry per demand, i.e. ingress-egress switch
pair, to forward its traffic to the next hop, and for a large-scale
network there can be many demands [29], [30].
Segment routing [16]–[18] is a recently proposed routing
architecture to tackle this challenge. Its key idea is to perform
routing based on a sequence of logical segments formed by a
set of middlepoints1 between the ingress and egress nodes. A
segment is the logical pipe between two middlepoints that may
include multiple physical paths spanning multiple hops, and
static hashing is used to load balance traffic among these paths.
To simplify, usually only shortest paths are used between
two middlepoints. Now with segment routing, instead of end-
to-end paths, intermediate switches only need to know how
to reach middlepoints in order to forward packets. This can
greatly reduce the overhead and cost of TE [4], [27].
TE with segment routing is different from traditional TE,
where the traffic from a source to a destination can use
any path. This motivates us to introduce the class of node-
constrained TE, which includes any TE variant where the
traffic is constrained to go through one or more predetermined
middlepoints. Segment routing corresponds to a specific vari-
ant of node-constrained TE, which only uses shortest paths
between the middlepoints.
The general node-constrained routing is important for TE.
First, like segment routing, the use of middlepoints saves
precious flow table resources and reduces the overhead of
implementing TE with finer granularity flow control. Second,
the use of shortest paths in segment routing may limit the
TE performance and robustness. Some shortest paths may
involve the same link which degrades the throughput one
can use effectively. Perhaps more importantly, operators prefer
edge-disjoint paths over shortest paths for better diversity and
robustness in cases of link failures [38], where failover can
be done by routing through at least the remaining paths. Last
but not least, the broader and fundamental node-constrained
TE problem has not received much attention in the networking
community, despite its significant application potential.
Inspired by the above, in this work we investigate the
theoretical fundamentals of node-constrained TE. We consider
two common types of TE introduced in §II depending on the
objective: TEMF maximizes the total throughput based on
multi-commodity flow, while TELU minimizes the maximum
link utilization. The two types are closely related.
1This term is in accordance with the prior literature on segment routing.
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Our analysis is organized in three parts. We start in §III with
the most general node-constrained TE problem, where traffic
can take any path as long as that path goes through a set of
middlepoints. For directed graphs, we prove that the decision
version of TEMF is NP-hard, even with just a single mid-
dlepoint. Due to the connection between the decision version
of maximum flow and TELU , this implies that TELU is NP-
hard too. For undirected graphs, we show that TE is strongly
polynomial, since it can be equivalently written as a special
linear program via a polynomial transformation. Therefore, we
establish that node-constrained TE is NP-hard and difficult to
solve optimally in general, as most TE problems use directed
graphs to model bidirectional links and traffic.
Given the hardness results, we next investigate in §IV a
variant of node-constrained TE with shortest paths, where the
traffic uses only shortest paths between any two middlepoints.
We wish to see if this variant, inspired by segment routing,
makes the TE problem easier to solve. We prove that both
TEMF and TELU can now be solved in weakly polynomial
time by transforming them into linear programs, when the
number of middlepoints per path is fixed. Our results thus
provide a theoretical foundation for existing work that focuses
on shortest path based segment routing [4], [27] and not the
more general variant. We further note that this variant may
end up with end-to-end paths that contain cycles, since the
various segments may repeat the same edge. Cyclic paths are
clearly bad for TE as the precious WAN bandwidth is wasted
sending traffic back and forth. For this reason, we study a
different variant that requires acyclic end-to-end paths, which
is a specific case of node-constrained TE with shortest paths.
We show that imposing this constraint generally renders TE
NP-hard again.
Lastly, we study another fundamental and practical question
in node-constrained TE: how to select the middlepoints that
yield good TE performance? We investigate flow centrality as
a potential solution approach to this problem in §V. Flow cen-
trality, first introduced in 1991 [21], determines how important
a node is in terms of the percentage of the maximum flow that
can go through that node over all possible demands. It serves
as a natural criterion for middlepoint selection in the general
node-constrained TE, i.e. we can select as middlepoints the
top-k nodes with the highest flow centrality.
Our analysis implies that the flow centrality is NP-hard to
compute in directed graphs unlike other common centrality
concepts (§VI), but strongly polynomial in undirected graphs.
Furthermore, since flow centrality only concerns individual
nodes, we propose group flow centrality, which generalizes
flow centrality to a group of nodes in order to better solve
the middlepoint selection problem. We introduce the related
concept of N -group maximum flow, which corresponds to the
problem of determining a set of middlepoints that maximizes
the amount of flow that can go through any node in the set. We
show it is NP-hard; furthermore, unlike other common group
graph centralities it is monotone but not submodular in both
directed or undirected graphs, which implies that the standard
greedy algorithm [41] with (1− 1e )-approximation ratio is not
applicable.
We make several contributions in this paper.
• We provide the first systematic study of node-constrained
TE, which lays down the groundwork for understand-
ing its theoretical fundamentals. Our analysis shows
that node-constrained TE is generally NP-hard hard for
directed graphs, except for the variant that only uses
shortest paths between middlepoints. Our study further
touches on the middlepoint problem in node-constrained
TE. We study flow centrality and propose group flow
centrality to select the best set of N nodes that maximizes
the total flow, and analyze the computational complexity.
• Our theoretical results shed light on the development
of the emerging node-constrained TE in practice. Our
hardness results indicate that efficient heuristics or ap-
proximation algorithms are in urgent need in several
cases, including general node-constrained TE problems
with directed graphs which most TE problems use, and
variants of node-constrained TE with acyclic paths. Mid-
dlepoint selection is another promising area for future
work. More study is needed to make the graph theoretical
approach feasible, for both flow centrality for individual
nodes and group flow centrality which has not been well
explored.
• Finally, some of our results are interesting in their
own right in the corresponding theoretical contexts. For
example, in §III we unveil a dichotomy between the
directed and undirected cases in terms of the complexity
of node-constrained TE. A similar dichotomy is found
in §V, where we prove that flow centrality, a previously
introduced but little understood graph centrality concept,
is NP-hard to compute in directed graphs but strongly
polynomial in undirected graphs.
II. BACKGROUND ON TRAFFIC ENGINEERING
We first introduce some background on traffic engineering
(TE) in this section. In our work, we focus on two common
types of TE depending on the objective criterion. The first
maximizes the total throughput subject to the capacity and
maximum demand constraints. Since it can be formulated as
a maximum flow problem, we call it TEMF . The second type
minimizes the maximum link utilization, which acts as the
system bottleneck. For this reason, we call it TELU .
The rest of this section is organized as follows. We introduce
some preliminary notions and concepts in §II-A. We then
present TEMF in §II-B and TELU in §II-C. Lastly we show
an interesting connection between the decision version of
TEMF and the optimal solution to TELU in §II-D.
A. Preliminaries
Assume a directed graph G = (V,E), where V is the set of
nodes and E the set of directed edges. Given a node v ∈ V ,
v+ denotes the set of outgoing edges of node v, i.e., the subset
of edges in E of the form (v, u), u ∈ V . Similarly, the set
v− denotes the set of incoming edges of v of the form (u, v),
u ∈ N . The out-degree of v is defined as the cardinality |v+|,
whereas the in-degree is defined as the cardinality |v−|.
A flow network G = (V,E, c) is defined as a directed graph
G = (V,E), together with a non-negative function c : V ×
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V → R≥0 that assigns to each edge e ∈ E a non-negative
capacity c(e). If (u, v) 6∈ E, then we define c(u, v) = 0.
A walk in a directed graph is an alternating sequence of
vertices and edges, v0, e0, v1, . . . , vk−1, ek−1, vk, which
begins and ends with vertices and has the property that each
ei is an edge from vi to vi+1. A path is a walk where all
edges are distinct. A simple path is a path where all vertices
are distinct. The term u− v path (resp., simple path) refers to
any valid path (resp., simple path) from u to v.
In flow networks, we usually distinguish between single-
commodity and multi-commodity flows. For single-commodity
flow problems, we consider a single commodity2 that consists
of a source s ∈ V and a sink t ∈ V , where s 6= t. For
multi-commodity flows, we assume L commodities of the
form (si, ti), where si, ti ∈ V, si 6= ti. Each commodity
i is associated with a non-negative demand Di ≥ 0. For
convenience, we also use the notation s = (s1, . . . , sL) and
t = (t1, . . . , tL), and write (s, t) to denote the corresponding
multi-commodity network.
B. TE Type 1: TEMF
Let Pi be the set of all si− ti paths, and Pi,e the set of all
si−ti paths that go through edge e. Then the maximum multi-
commodity flow program can be expressed via the following
path-based formulation:
maximize ν =
L∑
i=1
∑
p∈Pi
fi(p) (1)
subject to
L∑
i=1
∑
p∈Pi,e
fi(p) ≤ c(e),∀e ∈ E (2)∑
p∈Pi
fi(p) ≤ Di (3)
fi(p) ≥ 0,∀i ∈ {1, . . . , L},∀p ∈ Pi (4)
In the above formulation, we divide the total flow into
L subflows, one per commodity. The subflow fi along path
p ∈ Pi for commodity i is fi(p). Constraint (2) is a ca-
pacity constraint that the sum of all subflows on any edge
cannot exceed the edge capacity. Constraint (3) describes the
maximum demand Di for commodity i3. Finally, constraint
(4) imposes that each subflow should be non-negative. For
any valid flow f , the value of a flow ν(f) is defined as the
total sum of units that all subflows fi send. The value of the
maximum flow is denoted as νmax. TEMF is mostly used in
data center backbone WANs [29], [30], where traffic is elastic,
the operator controls not only the links but also the demands
of applications, and the main objective is to fully utilize the
expensive WAN links.
Note that even though the single-commodity maximum
flow accepts various combinatorial algorithms [1], e.g., Ford-
Fulkerson or Edmonds-Karp, there is to date no combinato-
rial algorithm for the maximum multi-commodity flow even
2When it is clear from the context, we use the terms commodities, demands,
and flows interchangeably.
3When the maximum demand Di is infinite, the corresponding demand
constraint (3) is trivially satisfied and can thus be removed.
though the problem is known to be strongly polynomial [47].
Furthermore, even though a single-commodity network with
integral capacities always accepts an integral maximum flow,
this is not always the case with multi-commodity networks; in
fact, the decision problem of integral multi-commodity flow
is NP-complete even if the number of commodities is two, for
both directed and undirected networks [11].
C. TE Type 2: TELU
TELU is mostly used in carrier networks [20], [27], where
traffic demands are exogenous and inelastic, and the main
objective thus is to control the congestion or link utilization
in order to ensure the smooth operation of the network. The
general form for this type of TE is:
minimize θ (5)
subject to
L∑
i=1
∑
p∈Pi,e
fi(p) ≤ θ · c(e),∀e ∈ E (6)∑
p∈Pi
fi(p) ≥ Di,∀i ∈ {1, . . . , L} (7)
fi(p) ≥ 0,∀i ∈ {1, . . . , L},∀p ∈ Pi (8)
The variable θ in objective (5) refers to the maximum link
utilization, which must be minimized. Constraint (6) ensures
that θ is at least as large as the maximum link utilization;
constraint (7) ensures that each demand is satisfied; and the
last constraint (8) is similar to TEMF in §II-B.
D. Relationship between TEMF and TELU
A natural question is whether the two types of TE are
related. To answer this question, we first introduce the decision
version of the maximum multi-commodity flow problem.
Definition 1. [Decision version of maximum flow (DMF)]
Given a flow network G = (V,E, c) with a set of L commodi-
ties (s, t), each associated with a non-negative maximum de-
mand Di ≥ 0, decide whether the maximum multi-commodity
flow has a value of at least
L∑
i=1
Di.
Note that if the answer to the decision problem DMF is
a “yes”, then by constraint (3) the maximum flow has to be
exactly equal to
L∑
i=1
Di. If the answer is no, then the maximum
flow is strictly less than
L∑
i=1
Di. Our next result establishes the
relationship between the two types of TE:
Lemma 1. DMF accepts a “yes” answer, if and only if the
system (5)–(8) for TELU accepts a solution θ∗ ≤ 1.
Proof. Assume that DMF accepts a “yes” answer. Then there
is a flow that respects constraints (2)–(4). That flow will then
trivially satisfy constraints (2)–(4) with θ = 1. Since the
objective criterion of TELU minimizes over θ, the optimal
solution to the TE program (5)–(8) will accept an optimal
solution θ∗ ≤ 1. For the reverse direction, assume that the
system (5)–(8) accepts a solution θ∗ ≤ 1. Then constraint (6)
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implies that the capacity constraints are satisfied for each edge,
thus the corresponding flow is a valid flow for system (1)–(4)
with value
L∑
i=1
Di. The maximum flow has then trivially a
value of at least
L∑
i=1
Di.
Lemma 1 shows that solving TELU immediately generates
a “yes” or “no” answer to the DMF. Thus, the TE naturally
encompasses the general DMF problem of Definition 1. This
also suggests that hardness results on the DMF (Proposition 1)
immediately imply hardness for TELU .
We conclude this section with two observations. First, even
though we assumed a directed network throughout this section,
it is possible to extend the definitions to undirected graphs
as well4. The main difference is that an undirected edge
is associated with a capacity, and flow can travel in both
directions of a link, under the constraint that the sum of the
flow value in the two edge directions does not exceed the
capacity. Second, it is simple to reduce edge-constrained TE
to node-constrained TE in both directed and undirected graphs.
Indeed, we can replace any (directed or undirected) edge (u, v)
by the two consecutive edges (u, z) and (z, v) by introducing
a new node z. Then the traffic constrained to go through edge
e can be equivalently characterized as the traffic going through
node z. Node-constrained TE is thus at least as hard as edge-
constrained TE, which is why we focus on the former.
III. GENERAL NODE-CONSTRAINED
TRAFFIC ENGINEERING
In this section, we study the general (unrestricted) node-
constrained TE problem, where traffic can take any path as
long as that path goes through a set of middlepoints. We focus
on the simplest setting where a path goes through a specific
node w, in order to establish the hardness results. For directed
graphs, we show in §III-A that the decision version of the
maximum w-flow is NP-hard, which implies that TELU is
NP-hard as well. On the other hand, we show in §III-B that
in undirected graphs the problem is strongly polynomial after
equivalently rewriting it as a special linear program. At the
end of the section, we show that our results also extend to the
general case where traffic goes through at least one node from
the k > 1 middlepoints w1, . . . , wk, where k is fixed and not
part of the input. The practical significance of our results is
that we rigorously establish that node-constrained TE is NP-
hard and difficult to solve in general, as most TE problems
use directed graphs to model bidirectional links and traffic.
A. The Directed Case
1) Hardness of TEMF : The maximum multi-commodity
flow fmax with value νmax refers to the total flow over all
possible paths that each commodity accepts. Assume instead
that we focus on the maximum flow that can go through a
specific network node w 6= s, t. Let Pwi be the set of all
si − w − ti paths (i.e. si − ti paths that go through w), and
4In the former (resp., latter) case we refer to flow networks with directed
(resp., undirected) edges.
Pwi,e the set of all si −w− ti paths that also go through edge
e. The path-based formulation then is:
maximize νw =
L∑
i=1
∑
p∈Pwi
fi(p)
subject to
L∑
i=1
∑
p∈Pwi,e
fi(p) ≤ c(e),∀e ∈ E
∑
p∈Pwi
fi(p) ≤ Di
fi(p) ≥ 0,∀i ∈ {1, . . . , L},∀p ∈ Pwi
We denote the maximum flow through any node w as
the maximum w-flow fwmax and denote its value by ν
w
max.
Alternatively, we use the notation s − w − t flow for single-
commodity networks (or s − w − t for multi-commodity
networks). Similarly, for single-commodity flows we also write
νwmax(s, t) (or ν
w
max(s, t) for multi-commodity networks) for
the value of the maximum w-flow.
We emphasize three points. First, in the single-commodity
case we always assume that w 6= s, t, even if not explicitly
stated. Indeed, if either w = s or w = t then νmax = νwmax. In
this case, the problem is strongly polynomial and accepts com-
binatorial algorithms such as the Ford-Fulkerson algorithm.
Second, to define the maximum w-flow we use paths, not
simple paths. For traditional flow networks, this makes no
difference as the maximum flow can be equivalently defined
in terms of simple paths, paths or even walks, since we can
always remove any cycles in the paths or walks that transmit
flow to make them simple, without affecting the maximum
flow. However, this is not the case with the maximum s−w−t
flow. As an example, consider the directed flow network in
Figure 1 where all edges have unit capacity. The maximum
s − w − t flow uses the directed path s → w → s → t for a
value of 1, and no simple path exists for a w-flow. On the other
hand, the traditional maximum s − t flow can use the trivial
simple path s − t, with a value that also happens to be 1 in
this example; the cycle s→ w → s is redundant. Hence, even
though the maximum s − t flow can be equivalently defined
either in terms of paths or simple paths, the w-maximum flow
is different under the two definitions. In this work, we choose
to use paths rather than simple paths. This point is discussed
in more detail at the end of §III-A. Third, for undirected
networks we allow the flow to be sent along any directed
path from the source to the destination, as long as no directed
edge is repeated. For example, consider the undirected network
w−s− t with capacities 1 for the two edges (w, s) and (s, t).
In that case, the maximum s−w− t flow is 0.5, and uses the
directed path s → w → s → t. Thus, the path carrying the
flow can contain the same undirected edge twice, but it has
to pass this edge in different directions when going from the
source to the destination. An alternative definition that only
permits end-to-end paths that can go though any edge at most
once in any direction is briefly discussed at the end of §III-B.
A central result in graph theory that we will be using
throughout the paper is the two node-disjoint path (2DP)
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1
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1w s t
Fig. 1: The maximum w-flow with simple paths can differ
from the maximum w-flow with paths.
problem due to Fortune, Hopcroft and Wyllie [19].
Theorem 1 (NP-hardness of 2DP [19]). Assume a directed
graph G = (V,E) and four distinct vertices u1, u2, v1, v2 ∈
V . It is NP-hard to decide whether there are two node-disjoint
paths in G from u1 to u2 and from v1 to v2.
We now provide two lemmas. Some of the transformations
involved are standard in the disjoint-path literature (e.g., [36],
[46]). Nevertheless, given the central role of the two lemmas
in the remainder of this paper and in order to make our work
self-contained, we provide our own full proofs here.
Lemma 2. Deciding whether there exists a simple s− w − t
path in a directed graph G = (V,E), where w, s, t are three
distinct nodes in V , is NP-hard.
Proof. Finding whether there is a simple s − t path going
through a node w is equivalent to determining whether there
exist two node-disjoint paths from s to w and from w to t
(excluding of course node w). We prove that the latter problem
is NP-hard by a reduction from the NP-hard 2DP problem.
Consider a directed graph G = (V,E) and 4 distinct nodes
u1, u2, v1, v2 ∈ V . We introduce a new node w and create the
directed edges e1 = (u2, w) and e2 = (w, v1). We now argue
that there are two node-disjoint paths, path P1 from u1 to u2
and path P2 from v1 to v2, if and only if there is a simple
u1 − w − v2 path. First, assume the former condition is true.
Then P1 cannot go through node w via edge e1; otherwise,
that path would also have to use node v1 after w given u2 is
the end node. Similarly, we argue that P2 cannot go through
node w via edge e2. But then we can form a new path P ′
from u1 to v2 by concatenating path P1, edge e1, edge e2, and
path P2. P ′ does not repeat any node since the node disjoint
paths P1 and P2 do not contain w, hence it is a simple path.
For the reverse direction, we note that if there exists a simple
u1 − w − v2 path P , then P will necessarily contain edges
e1 and e2. By removing these two edges, we get two node-
disjoint paths, one from u1 to u2 and another from v1 to v2,
given that P is simple.
Lemma 3. Deciding whether there exists a s−w− t path in
a directed graph G = (V,E), where w, s, t are three distinct
nodes in V , is NP-hard.
Proof. Deciding whether there is a s−t path going through w
is equivalent to deciding whether there are two edge-disjoint
paths from s to w and from w to t. We argue that the latter
problem is NP-hard by a reduction from the 2DP problem.
Indeed, consider a graph G = (V,E), and three distinct
nodes s, t, w ∈ V . We construct a new graph G′ = (V ′, E′)
from G = (V,E) as follows. For each node v ∈ V we
introduce two nodes vin, vout ∈ V ′ as well as an edge
e′ = (vin, vout) ∈ E′ connecting them. For each edge
e = (u, v) ∈ E, we introduce an edge e′ = (uout, vin) ∈ E′.
The construction is illustrated in Figure 2.
s t
u v
e
w… …
……
… …
(a) G
sin tin
e'
sout tout
win wout
uin vinuout vout
…
… …
…
… …
(b) G′
Fig. 2: Illustration of Lemma 3.
We now claim that there exist two edge-disjoint paths in
graph G′ from sout to win and from wout to tin (equivalently,
from sin to win and from wout to tout), if and only if there
exist two node-disjoint paths in G from s to w and from w
to t. First, consider two node-disjoint paths in G, namely,
s, u1, . . . , ul, w and w, v1, . . . , vm, t, where all intermediate
nodes ui and vj are distinct. It is easy to see that the paths
sout, u1,in, u1,out, . . . , ul,in, ul,out, win and wout, v1,in,
v1,out, . . . , vm,in, vm,out, tin in G′ are : (1) valid since they
use existing edges in G′, and (2) edge-disjoint since the set of
nodes on the first path and the second path are disjoint.
For the reverse direction, consider two edge-disjoint paths in
G′ from sout to win and from wout to tin. We then argue that
these paths must have the previous form sout, u1,in, u1,out,
. . . , ul,in, ul,out, win and wout, v1,in, v1,out, . . . , vm,in,
vm,out, tin. The reason is that any pair of nodes (vin, vout) can
only be reached from other nodes in V ′ via vin and can only
reach other nodes in V ′ via vout. So, a path will necessarily
consist of consecutive pairs of nodes of the form (vin, vout)
(with the exception of the two endpoints). Furthermore, any
such pair (vin, vout) can (1) appear at most once on either
path, and (2) cannot appear on both paths. The reason is that
going from vin to vout requires edge vin, vout, but the two
paths are edge-disjoint. We thus conclude that s, u1, . . . , ul, w
and w, v1, . . . , vm, t in G are node-disjoint paths.
We next provide definitions and results for the maximum
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w-flow that are reminiscent of results in traditional single-
commodity maximum flow. For this purpose, we adapt some
standard concepts from maximum flow theory [1]. In particu-
lar, we extend the concept of an s− t augmenting path to an
s − w − t augmenting path, which corresponds to a directed
path from s to t through middlepoint w in the residual network.
One significant difference is that the cut is now defined as
a collection of edges rather than a collection of nodes. The
reason for this will become apparent shortly. We focus first
on the s− w − t flow in single-commodity networks.
Definition 2. A s−w−t edge-cut is a subset of edges Cw ⊆ E
such that removing the edges in Cw from the graph results in
no s − w − t paths, i.e., there are no s − w − t paths in the
graph G′ = (V,E − Cw). The value c(Cw) of the edge-cut is
defined as the sum of the capacities of all edges in Cw.
Lemma 4. Let fw be any s−w−t flow, and Cw any s−w−t
cut. Then νw(fw) ≤ c(Cw).
Proof. First, note that the flow fw is the sum of individual
subflows, each going through a distinct s−w− t path p. Each
of these individual subflows must go through at least one edge
e ∈ Cw, otherwise there would be a s−w−t path in the graph
G′ = (V,E − Cw), which would be a contradiction. So, let
Fe be the set of subflows that go through e. Then we have:∑
e∈Cw
νw(Fe) ≤
∑
e∈Cw
c(e)⇔∑
e∈Cw
νw(Fe) ≤ c(Cw)⇔
νw(fw) ≤ c(Cw) (9)
Note that in the last inequality we use that
∑
e∈Cw ν
w(Fe) =
νw(f), due to the fact that the path for each individual subflow
must go through at least one edge in Cw.
Lemma 5. Given a directed graph G = (V,E, c) with integral
capacities and three distinct nodes s, w, t, we can construct an
integral w-flow. Furthermore, the constructed flow is positive
if and only if the minimum edge-cut in G is non-empty.
Proof. Consider the variant of the well-known Ford-Fulkerson
algorithm for (single-commodity) maximum flow [43], where
at each round the algorithm picks an augmenting s−w−t path
rather than a s− t path in the residual graph, provided that the
selected augmenting path increases the flow through w. This
is necessary, as it is possible to pick an augmenting s−w− t
path that uses reverse edges through w and thus reduces the w-
flow or leaves it unchanged, even though it increases the total
s−t flow. The augmenting s−w−t path algorithm eventually
terminates, since (i) the w-flow increases by at least one unit at
each iteration, and (ii) the maximum possible w-flow is upper-
bounded (e.g., by the sum of capacities of the outgoing edges
from s). Note that the augmenting s − w − t path algorithm
terminates, if and only if there is an s − w − t edge-cut Cw
in the graph where each edge e ∈ Cw is saturated. Indeed, if
that were not true then there would be a s − w − t path not
using saturated edges. But then we could route more w-flow
along the forward edges of that path in the residual graph,
and the algorithm would not have terminated. The constructed
𝑠 𝑤 𝑡
𝑢 𝑣
2 2
2
Fig. 3: Example Graph for Remarks 1, 2, and 3.
flow is integral, since at each step the flow on any edge is
integral. Furthermore, the flow will be zero, if and only if the
minimum edge-cut is the empty set, since in that case there
are no s− w − t paths in the original graph G.
Remark 1. Note that the variant of Ford-Fulkerson of Lemma
5 may not find the maximum w-flow. For example, consider
the directed graph of Figure 3, where all edges have infinite
capacity except for edges s → w, w → t, and u → v with
capacity 2. The algorithm could pick the augmenting path s→
w → t with bottleneck capacity 2. In the second iteration,
there is no s− w − t augmenting path in the residual graph,
and the algorithm terminates returning a w-flow of value 2.
Interestingly, the maximum w-flow in this example is equal to
3: we send one unit of flow along path s→ w → t, one unit
of flow along path s → w → v → t, and finally one unit of
flow along s→ u→ v → w → t.
Remark 2. For node-constrained flow, it is not true that the
value of the minimum s−w− t edge-cut is equal to the value
of the maximum w-flow. For example, in the graph of Figure
3, the minimum s−w− t edge-cut has capacity 4 (e.g., edges
s → w and w → t), but the maximum w-flow has a value of
3. Nevertheless, Lemma 4 guarantees the minimum s−w− t
cut upper-bounds the value of the maximum w-flow.
Remark 3. Even if all capacities are integral, the maximum
w-flow may be fractional. For example, consider the graph
of Figure 3 but assume the edges with capacity 2 now have
unit capacity. The maximum w-flow has value 32 , which is
fractional.
The properties in Remarks 1, 2, and 3 imply that s−w− t
flow is fundamentally different from the traditional s− t flow.
We are now ready to prove that the decision version of the
maximum w-flow is NP-hard.
Proposition 1. Given a multi-commodity flow network G =
(V,E, c) with directed edges, the decision version of maximum
w-flow is NP-hard.
Proof. We show that even the single-commodity version is
NP-hard. Our strategy is to reduce the s−w− t path problem
in Lemma 3 to the maximum w-flow problem. In this direction,
we start with a directed graph G = (V,E) and three distinct
nodes s, t, w ∈ V . We subsequently construct in polynomial
time a flow network G′ from G by considering a single
commodity from s to t of unit demand D = 1, and by
associating each edge e ∈ E with a unit capacity. Our claim
is that there is a path from s to t through w in graph G, if
and only if νwmax(s, d) ≥ 1 in flow network G′.
First, consider a path P = (s, e1, . . . , em, t), so that every
edge ei in the path appears only once and node w appears in
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the path. It is then possible to send one unit of flow from s
to t, given the unit capacities. Thus, the maximum flow is at
least 1. For the reverse direction, assume there is a maximum
flow no less than 1 in G′. Since we only have one commodity
and integral capacities, Lemma 5 implies that there exists an
integral w-flow (for infinite demands). This flow is positive
(and thus has value at least 1) because the maximum flow is
no less than 1 by assumption, and thus the minimum edge-cut
cannot be the empty set (recall we route flow along s−w− t
paths). For D = 1, there is thus an integral maximum w-flow
of value 1. Moreover, each edge can be used at most once
in that flow due to its unit capacity. Now, consider any path
P(s,w) that carries the integral flow from s to w, and any path
P(w,d) that carries the integral flow flow from w to d. Since
each edge is used at most once, this means that the union
P(s,w) ∪P(w,d) (1) goes from s to d through w, and (2) visits
any edge at most once; hence, it is a s− w − t path.
2) Hardness of TELU : For the flow network G with the L
commodities, we define the TELU in the following manner:
min θ (10)
subject to
L∑
i=1
∑
p∈Pwi,e
fi(p) ≤ θ · c(e),∀e ∈ E (11)
∑
p∈Pwi
fi(p) ≥ Di,∀i ∈ {1, . . . , L} (12)
fi(p) ≥ 0,∀i ∈ {1, . . . , L},∀p ∈ Pwi (13)
We get the following corollary:
Corollary 1. In directed graphs, it is NP-hard to solve the
TELU (10)–(13).
Proof. Proposition 1 shows NP-hardness for the decision
version of the maximum w-flow. We can then easily extend
Lemma 1 to the case of a maximum w-flow to prove that the
TELU (10)–(13) is NP-hard, since it is at least as hard as the
decision version of the maximum w-flow.
Simple paths vs. paths vs. walks. Finally, we discuss in
more detail our definition of w-flow. In principle, we can
define the w-flow in terms of simple paths, paths or general
paths with edge repetitions (walks). For walks, the maximum
w-flow is in fact polynomial. To see why, consider the single-
commodity s − t maximum flow problem with middlepoint
w (the multi-commodity case is similar). We first solve the
multi-commodity flow problem with source-destination pairs
(s, w) and (w, t), maximizing the minimum of the amount
of two flows. We can subsequently get s − w − t paths after
decomposing the two flows into paths.
Interestingly, our definition excludes walks. The reason for
this choice is twofold. First, in computer networks routing
loops are considered bad and are avoided by most routing
algorithms, since they can lead to redundant use of the precious
bandwidth resources and, more seriously, to endless routing
loops and failure of packet delivery [35]. Thus, in practical
networking settings TE with simple paths is the primary
option. Second, our work is inspired to a significant degree
by prior work on flow centrality [21] which explicitly defines
flow in terms of simple paths. Based on Lemma 2, we can
show similar to the case of paths that the decision problem of
w-flow with simple paths is also NP-hard in directed graphs.
This suggests there is no difference in terms of hardness if we
use simple paths or paths; we select the latter because paths
are more general than simple paths.
B. The Undirected Case
We demonstrate an interesting dichotomy between di-
rected and undirected graphs. In detail, the maximum multi-
commodity s − w − t flow in an undirected graph can be
computed in strongly polynomial time. Note that the main
difference between the directed and the undirected flow is
that the former assumes separate capacities for each direction
(u, v) and (v, u) whereas the latter assumes a single capacity
for the undirected edge e, which upper bounds the total flow
that we can send in both directions (but not in any individual
direction).
Proposition 2. The maximum multi-commodity flow νwmax in
any flow network G = (V,E) with undirected edges, where
w ∈ V , can be computed exactly in strongly polynomial time.
Proof. Assume a multi-commodity undirected graph G =
(V,E) with L commodities of the form (si, ti). For sim-
plicity, we assume infinite maximum demands Di (so that
the maximum demand constraints are trivially satisfied). To
prove the claim, we construct a directed graph G′ = (V ′, E′)
from G as follows. We first replace each undirected edge
(u, v) ∈ E by two directed edges (u, v) and (v, u) edges
with infinite capacities. We next introduce L new nodes
z1, . . . , zL (one for each commodity), and for each zi we
add the two directed edges (si, zi) and (ti, zi). Finally, we
introduce a node z and L directed edges (zi, z) from each
zi to z. Thus, we have that V ′ = V ∪ {z1, . . . , zL, z} and
E′ = EG ∪ (∪i{(si, zi), (ti, zi), (zi, z)}), where EG are the
edges that we got by replacing each undirected edge in E by
two directed edges. The capacities of the newly constructed
edges of the form (si, zi), (ti, zi), (zi, z) are infinite. The
construction is illustrated in Figure 4.
Next, we claim that the maximum flow in G can be
computed by the following arc-based linear program for G′:
maximize V =
L∑
i=1
∑
e∈w+
fi(e)
subject to
L∑
i=1
[fi(u, v) + fi(v, u)] ≤ c(e),∀e = (u, v) ∈ E
(14)∑
e∈u+
fi(e) =
∑
e∈u−
fi(e),∀i,∀u ∈ V ′, w 6= u 6= z
(15)
fi(e) ≥ 0,∀e ∈ E′,∀i ∈ {1, . . . , L} (16)
fj(si, zi) = 0,∀i, j ∈ {1, . . . , L} with i 6= j (17)
fi(si, zi) = fi(ti, zi),∀i ∈ {1, . . . , L} (18)
The above LP computes the maximum flow V∗ from w to z,
where the total flow is composed of L separate subflows, one
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Fig. 4: Illustration of Proposition 2.
for each commodity. The subflow for commodity i can be sent
from w to zi through either si or ti. Constraints (14), (15),
(16) are the link capacity, node conservation and positive flow
constraints, respectively. The link capacity constraint reflects
the fact that the sum of flow units in each of the two directed
edges does not exceed the capacity of the original undirected
edge. Constraint (17) implies that node zi can only receive
flow from commodity i. Constraint (18) is especially important
because it ensures that the subflow for commodity i sent
through si is the same as the one sent through ti.
Now, we establish the equivalence between the original
problem and the above LP by showing that (i) 2 · νwmax ≤ V∗,
and (ii) V∗ ≤ 2·νwmax. We start with (i). Assume any maximum
flow through w with value νwmax in G. We first construct the
corresponding flow in G′. We note that the flow in G consists
of L subflows, one for each commodity i, that send flow from
si to ti through si −w− ti paths. The idea is then to reverse
the direction of each subflow in the part from si to wi, so that
it now sends to the opposite direction. We then send ν(fi)
units of flow from si to zi, ν(fi) units of flow from ti to zi,
and 2 · ν(fi) units of flow from zi to z. Note that that is a
valid flow since it respects all constraints in the LP, and it has
a value 2 · (ν(f1) + · · · + ν(fL)) = 2 · νwmax. But then the
maximum flow will be at least as large, hence 2 · νwmax ≤ V∗.
For the reverse direction (ii), assume a maximum flow in
G′. Then for each commodity i half units are sent from w
to si and half from w to ti (and subsequently zi and z) due
to constraint (18). As before, we next reverse the flow fi in
all paths from w to si. For each edge of G we then send on
each direction as many units of flow as we send in G′ (after
reversing the direction from w to si). The key is that in graph
G′ the same amount of flow is sent from w to si and w to
ti, which implies that the constructed flow in G will respect
all capacity and conservation constraints, including for node
w. Note however a caveat: it is not obvious whether we can
always combine directed paths from si to w with directed
paths from w to ti so that all resulting si−w− ti “paths” are
valid paths without edge repetitions. If that is possible, then
the constructed flow in G is a valid flow, since it consists of
si − w − ti paths without edge repetitions. But we need to
address the case where combining directed paths from si to
w with directed paths from w to ti will result in at least one
non-valid si − w − ti path with edge repetitions.
To show why this does not negatively affect our argument,
let P1 be any si − w and P2 any w − ti path in G′ whose
concatenation is not a valid si −w − ti path. In this case, let
e = (u, v) be a common edge of P1 and P2 (such an edge
must occur by assumption). Path P1 can then be represented
as si  P1 u → v  P1 w, where the notation x  P y refers
to the path segment from node x to node y along path P .
Note that we may have that x coincides with y, in which
case x  P y = x. Similarly, path P2 can be represented as
w  P2 u→ v  P2 ti. The trick is to consider the si−w− ti
path P ′ = si  P1 u  P−12 w  P−11 v  P2 ti, where
x  P−1 y refers to the path from x to y along the reversed
edges of P . We first discuss the case where P ′ is a valid path
without edge repetitions. We then send in graph G as many
units of flow along P ′ as we did along P1 or P2 in G′. The
critical observation is that an undirected edge in G will receive
at most as much flow as the sum of its two directed edges in
G′, since all we do is change the direction along which we
send the flow and possibly remove certain path segments. The
trick is illustrated in Figure 5. In the case where the resulting
path P ′ is not valid and contains edge repetitions, we repeat
the step in Figure 5 on the new si −w and w− ti paths until
they have no common edge. The process is guaranteed to stop
after a finite number of iterations since after each step the
total length of the new si −w and w− ti paths decreases. In
principle, we can do this for all non-valid si−w− ti paths to
get si − w − ti paths which are valid, without violating any
capacity constraint. Our argument shows that there must exist
a valid multi-commodity w-flow in G, which carries the same
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P2
<latexit sha1_base64="R ArXQW7gBjC/XkRkBmmecnZACic=">AAAB6nicbVBNS8N AEJ3Ur1q/qh69LBbBU0mKoMeCF48R7Qe0oWy2k3bpZhN 2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZemAqujet +O6WNza3tnfJuZW//4PCoenzS1kmmGLZYIhLVDalGwSW2 DDcCu6lCGocCO+Hkdu53nlBpnshHM00xiOlI8ogzaqz0 4A8ag2rNrbsLkHXiFaQGBfxB9as/TFgWozRMUK17npua IKfKcCZwVulnGlPKJnSEPUsljVEH+eLUGbmwypBEibIl DVmovydyGms9jUPbGVMz1qveXPzP62UmuglyLtPMoGTLR VEmiEnI/G8y5AqZEVNLKFPc3krYmCrKjE2nYkPwVl9eJ +1G3XPr3v1VrekWcZThDM7hEjy4hibcgQ8tYDCCZ3iFN 0c4L86787FsLTnFzCn8gfP5A8rLjWc=</latexit><latexit sha1_base64="R ArXQW7gBjC/XkRkBmmecnZACic=">AAAB6nicbVBNS8N AEJ3Ur1q/qh69LBbBU0mKoMeCF48R7Qe0oWy2k3bpZhN 2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZemAqujet +O6WNza3tnfJuZW//4PCoenzS1kmmGLZYIhLVDalGwSW2 DDcCu6lCGocCO+Hkdu53nlBpnshHM00xiOlI8ogzaqz0 4A8ag2rNrbsLkHXiFaQGBfxB9as/TFgWozRMUK17npua IKfKcCZwVulnGlPKJnSEPUsljVEH+eLUGbmwypBEibIl DVmovydyGms9jUPbGVMz1qveXPzP62UmuglyLtPMoGTLR VEmiEnI/G8y5AqZEVNLKFPc3krYmCrKjE2nYkPwVl9eJ +1G3XPr3v1VrekWcZThDM7hEjy4hibcgQ8tYDCCZ3iFN 0c4L86787FsLTnFzCn8gfP5A8rLjWc=</latexit><latexit sha1_base64="R ArXQW7gBjC/XkRkBmmecnZACic=">AAAB6nicbVBNS8N AEJ3Ur1q/qh69LBbBU0mKoMeCF48R7Qe0oWy2k3bpZhN 2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZemAqujet +O6WNza3tnfJuZW//4PCoenzS1kmmGLZYIhLVDalGwSW2 DDcCu6lCGocCO+Hkdu53nlBpnshHM00xiOlI8ogzaqz0 4A8ag2rNrbsLkHXiFaQGBfxB9as/TFgWozRMUK17npua IKfKcCZwVulnGlPKJnSEPUsljVEH+eLUGbmwypBEibIl DVmovydyGms9jUPbGVMz1qveXPzP62UmuglyLtPMoGTLR VEmiEnI/G8y5AqZEVNLKFPc3krYmCrKjE2nYkPwVl9eJ +1G3XPr3v1VrekWcZThDM7hEjy4hibcgQ8tYDCCZ3iFN 0c4L86787FsLTnFzCn8gfP5A8rLjWc=</latexit><latexit sha1_base64="R ArXQW7gBjC/XkRkBmmecnZACic=">AAAB6nicbVBNS8N AEJ3Ur1q/qh69LBbBU0mKoMeCF48R7Qe0oWy2k3bpZhN 2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZemAqujet +O6WNza3tnfJuZW//4PCoenzS1kmmGLZYIhLVDalGwSW2 DDcCu6lCGocCO+Hkdu53nlBpnshHM00xiOlI8ogzaqz0 4A8ag2rNrbsLkHXiFaQGBfxB9as/TFgWozRMUK17npua IKfKcCZwVulnGlPKJnSEPUsljVEH+eLUGbmwypBEibIl DVmovydyGms9jUPbGVMz1qveXPzP62UmuglyLtPMoGTLR VEmiEnI/G8y5AqZEVNLKFPc3krYmCrKjE2nYkPwVl9eJ +1G3XPr3v1VrekWcZThDM7hEjy4hibcgQ8tYDCCZ3iFN 0c4L86787FsLTnFzCn8gfP5A8rLjWc=</latexit>
P1
<latexit sha 1_base64="9tf7V3eatYHq Wqpqbt8EdMxxCRQ=">AAAB 6nicbVA9SwNBEJ2LXzF+RS 1tFoNgFfZE0DJgYxnRxEBy hL3NXrJkb+/YnRPCkZ9gY6G Irb/Izn/jJrlCEx8MPN6bY WZemCppkdJvr7S2vrG5Vd6 u7Ozu7R9UD4/aNskMFy2eq MR0QmaFklq0UKISndQIFodK PIbjm5n/+CSMlYl+wEkqgp gNtYwkZ+ik+2bf71drtE7n IKvEL0gNCjT71a/eIOFZLD Ryxazt+jTFIGcGJVdiWull VqSMj9lQdB3VLBY2yOenTsm ZUwYkSowrjWSu/p7IWWztJ A5dZ8xwZJe9mfif180wug5 yqdMMheaLRVGmCCZk9jcZS CM4qokjjBvpbiV8xAzj6NKp uBD85ZdXSfui7tO6f3dZa9 AijjKcwCmcgw9X0IBbaEIL OAzhGV7hzVPei/fufSxaS1 4xcwx/4H3+AMlHjWY=</la texit><latexit sha 1_base64="9tf7V3eatYHq Wqpqbt8EdMxxCRQ=">AAAB 6nicbVA9SwNBEJ2LXzF+RS 1tFoNgFfZE0DJgYxnRxEBy hL3NXrJkb+/YnRPCkZ9gY6G Irb/Izn/jJrlCEx8MPN6bY WZemCppkdJvr7S2vrG5Vd6 u7Ozu7R9UD4/aNskMFy2eq MR0QmaFklq0UKISndQIFodK PIbjm5n/+CSMlYl+wEkqgp gNtYwkZ+ik+2bf71drtE7n IKvEL0gNCjT71a/eIOFZLD Ryxazt+jTFIGcGJVdiWull VqSMj9lQdB3VLBY2yOenTsm ZUwYkSowrjWSu/p7IWWztJ A5dZ8xwZJe9mfif180wug5 yqdMMheaLRVGmCCZk9jcZS CM4qokjjBvpbiV8xAzj6NKp uBD85ZdXSfui7tO6f3dZa9 AijjKcwCmcgw9X0IBbaEIL OAzhGV7hzVPei/fufSxaS1 4xcwx/4H3+AMlHjWY=</la texit><latexit sha 1_base64="9tf7V3eatYHq Wqpqbt8EdMxxCRQ=">AAAB 6nicbVA9SwNBEJ2LXzF+RS 1tFoNgFfZE0DJgYxnRxEBy hL3NXrJkb+/YnRPCkZ9gY6G Irb/Izn/jJrlCEx8MPN6bY WZemCppkdJvr7S2vrG5Vd6 u7Ozu7R9UD4/aNskMFy2eq MR0QmaFklq0UKISndQIFodK PIbjm5n/+CSMlYl+wEkqgp gNtYwkZ+ik+2bf71drtE7n IKvEL0gNCjT71a/eIOFZLD Ryxazt+jTFIGcGJVdiWull VqSMj9lQdB3VLBY2yOenTsm ZUwYkSowrjWSu/p7IWWztJ A5dZ8xwZJe9mfif180wug5 yqdMMheaLRVGmCCZk9jcZS CM4qokjjBvpbiV8xAzj6NKp uBD85ZdXSfui7tO6f3dZa9 AijjKcwCmcgw9X0IBbaEIL OAzhGV7hzVPei/fufSxaS1 4xcwx/4H3+AMlHjWY=</la texit><latexit sha 1_base64="9tf7V3eatYHq Wqpqbt8EdMxxCRQ=">AAAB 6nicbVA9SwNBEJ2LXzF+RS 1tFoNgFfZE0DJgYxnRxEBy hL3NXrJkb+/YnRPCkZ9gY6G Irb/Izn/jJrlCEx8MPN6bY WZemCppkdJvr7S2vrG5Vd6 u7Ozu7R9UD4/aNskMFy2eq MR0QmaFklq0UKISndQIFodK PIbjm5n/+CSMlYl+wEkqgp gNtYwkZ+ik+2bf71drtE7n IKvEL0gNCjT71a/eIOFZLD Ryxazt+jTFIGcGJVdiWull VqSMj9lQdB3VLBY2yOenTsm ZUwYkSowrjWSu/p7IWWztJ A5dZ8xwZJe9mfif180wug5 yqdMMheaLRVGmCCZk9jcZS CM4qokjjBvpbiV8xAzj6NKp uBD85ZdXSfui7tO6f3dZa9 AijjKcwCmcgw9X0IBbaEIL OAzhGV7hzVPei/fufSxaS1 4xcwx/4H3+AMlHjWY=</la texit>
si
<latexit sha1_base64="UduP2 omLeb/ubpVg1x09rc raBt8=">AAAB6nicb VBNS8NAEJ3Ur1q/qh6 9LBbBg5REBD0WvHis aD+gDWWz3bRLN5uwO xFK6E/w4kERr/4ib/4 bt2kO2vpg4PHeDDPz gkQKg6777ZTW1jc2t 8rblZ3dvf2D6uFR28S pZrzFYhnrbkANl0Lx FgqUvJtoTqNA8k4wu Z37nSeujYjVI04T7kd 0pEQoGEUrPZiBGFRr bt3NQVaJV5AaFGgOql /9YczSiCtkkhrT89w E/YxqFEzyWaWfGp5Q NqEj3rNU0YgbP8tPnZ EzqwxJGGtbCkmu/p7 IaGTMNApsZ0RxbJa9 ufif10sxvPEzoZIUuW KLRWEqCcZk/jcZCs0 ZyqkllGlhbyVsTDVl aNOp2BC85ZdXSfuy7r l17/6q1rgo4ijDCZz COXhwDQ24gya0gMEI nuEV3hzpvDjvzseite QUM8fwB87nD1JUjb0 =</latexit><latexit sha1_base64="UduP2 omLeb/ubpVg1x09rc raBt8=">AAAB6nicb VBNS8NAEJ3Ur1q/qh6 9LBbBg5REBD0WvHis aD+gDWWz3bRLN5uwO xFK6E/w4kERr/4ib/4 bt2kO2vpg4PHeDDPz gkQKg6777ZTW1jc2t 8rblZ3dvf2D6uFR28S pZrzFYhnrbkANl0Lx FgqUvJtoTqNA8k4wu Z37nSeujYjVI04T7kd 0pEQoGEUrPZiBGFRr bt3NQVaJV5AaFGgOql /9YczSiCtkkhrT89w E/YxqFEzyWaWfGp5Q NqEj3rNU0YgbP8tPnZ EzqwxJGGtbCkmu/p7 IaGTMNApsZ0RxbJa9 ufif10sxvPEzoZIUuW KLRWEqCcZk/jcZCs0 ZyqkllGlhbyVsTDVl aNOp2BC85ZdXSfuy7r l17/6q1rgo4ijDCZz COXhwDQ24gya0gMEI nuEV3hzpvDjvzseite QUM8fwB87nD1JUjb0 =</latexit><latexit sha1_base64="UduP2 omLeb/ubpVg1x09rc raBt8=">AAAB6nicb VBNS8NAEJ3Ur1q/qh6 9LBbBg5REBD0WvHis aD+gDWWz3bRLN5uwO xFK6E/w4kERr/4ib/4 bt2kO2vpg4PHeDDPz gkQKg6777ZTW1jc2t 8rblZ3dvf2D6uFR28S pZrzFYhnrbkANl0Lx FgqUvJtoTqNA8k4wu Z37nSeujYjVI04T7kd 0pEQoGEUrPZiBGFRr bt3NQVaJV5AaFGgOql /9YczSiCtkkhrT89w E/YxqFEzyWaWfGp5Q NqEj3rNU0YgbP8tPnZ EzqwxJGGtbCkmu/p7 IaGTMNApsZ0RxbJa9 ufif10sxvPEzoZIUuW KLRWEqCcZk/jcZCs0 ZyqkllGlhbyVsTDVl aNOp2BC85ZdXSfuy7r l17/6q1rgo4ijDCZz COXhwDQ24gya0gMEI nuEV3hzpvDjvzseite QUM8fwB87nD1JUjb0 =</latexit><latexit sha1_base64="UduP2 omLeb/ubpVg1x09rc raBt8=">AAAB6nicb VBNS8NAEJ3Ur1q/qh6 9LBbBg5REBD0WvHis aD+gDWWz3bRLN5uwO xFK6E/w4kERr/4ib/4 bt2kO2vpg4PHeDDPz gkQKg6777ZTW1jc2t 8rblZ3dvf2D6uFR28S pZrzFYhnrbkANl0Lx FgqUvJtoTqNA8k4wu Z37nSeujYjVI04T7kd 0pEQoGEUrPZiBGFRr bt3NQVaJV5AaFGgOql /9YczSiCtkkhrT89w E/YxqFEzyWaWfGp5Q NqEj3rNU0YgbP8tPnZ EzqwxJGGtbCkmu/p7 IaGTMNApsZ0RxbJa9 ufif10sxvPEzoZIUuW KLRWEqCcZk/jcZCs0 ZyqkllGlhbyVsTDVl aNOp2BC85ZdXSfuy7r l17/6q1rgo4ijDCZz COXhwDQ24gya0gMEI nuEV3hzpvDjvzseite QUM8fwB87nD1JUjb0 =</latexit>
u
<latexit sha1_ base64="brKMPJISzgyw/wfi4FbP TZVtwtE=">AAAB6HicbVBNS8NAEJ 3Ur1q/qh69LBbBg5RECnosePHYgv 2ANpTNdtKu3WzC7kYoob/AiwdFv PqTvPlv3LY5aOuDgcd7M8zMCxLBt XHdb6ewsbm1vVPcLe3tHxwelY9P2 jpOFcMWi0WsugHVKLjEluFGYDdRS KNAYCeY3M39zhMqzWP5YKYJ+hEdS R5yRo2VmumgXHGr7gJknXg5qUCO xqD81R/GLI1QGiao1j3PTYyfUWU4 Ezgr9VONCWUTOsKepZJGqP1sceiM XFhlSMJY2ZKGLNTfExmNtJ5Gge2M qBnrVW8u/uf1UhPe+hmXSWpQsuW iMBXExGT+NRlyhcyIqSWUKW5vJWx MFWXGZlOyIXirL6+T9nXVc6tes1a pX+VxFOEMzuESPLiBOtxDA1rAAOE ZXuHNeXRenHfnY9lacPKZU/gD5/ MH2w+M4w==</latexit><latexit sha1_ base64="brKMPJISzgyw/wfi4FbP TZVtwtE=">AAAB6HicbVBNS8NAEJ 3Ur1q/qh69LBbBg5RECnosePHYgv 2ANpTNdtKu3WzC7kYoob/AiwdFv PqTvPlv3LY5aOuDgcd7M8zMCxLBt XHdb6ewsbm1vVPcLe3tHxwelY9P2 jpOFcMWi0WsugHVKLjEluFGYDdRS KNAYCeY3M39zhMqzWP5YKYJ+hEdS R5yRo2VmumgXHGr7gJknXg5qUCO xqD81R/GLI1QGiao1j3PTYyfUWU4 Ezgr9VONCWUTOsKepZJGqP1sceiM XFhlSMJY2ZKGLNTfExmNtJ5Gge2M qBnrVW8u/uf1UhPe+hmXSWpQsuW iMBXExGT+NRlyhcyIqSWUKW5vJWx MFWXGZlOyIXirL6+T9nXVc6tes1a pX+VxFOEMzuESPLiBOtxDA1rAAOE ZXuHNeXRenHfnY9lacPKZU/gD5/ MH2w+M4w==</latexit><latexit sha1_ base64="brKMPJISzgyw/wfi4FbP TZVtwtE=">AAAB6HicbVBNS8NAEJ 3Ur1q/qh69LBbBg5RECnosePHYgv 2ANpTNdtKu3WzC7kYoob/AiwdFv PqTvPlv3LY5aOuDgcd7M8zMCxLBt XHdb6ewsbm1vVPcLe3tHxwelY9P2 jpOFcMWi0WsugHVKLjEluFGYDdRS KNAYCeY3M39zhMqzWP5YKYJ+hEdS R5yRo2VmumgXHGr7gJknXg5qUCO xqD81R/GLI1QGiao1j3PTYyfUWU4 Ezgr9VONCWUTOsKepZJGqP1sceiM XFhlSMJY2ZKGLNTfExmNtJ5Gge2M qBnrVW8u/uf1UhPe+hmXSWpQsuW iMBXExGT+NRlyhcyIqSWUKW5vJWx MFWXGZlOyIXirL6+T9nXVc6tes1a pX+VxFOEMzuESPLiBOtxDA1rAAOE ZXuHNeXRenHfnY9lacPKZU/gD5/ MH2w+M4w==</latexit><latexit sha1_ base64="brKMPJISzgyw/wfi4FbP TZVtwtE=">AAAB6HicbVBNS8NAEJ 3Ur1q/qh69LBbBg5RECnosePHYgv 2ANpTNdtKu3WzC7kYoob/AiwdFv PqTvPlv3LY5aOuDgcd7M8zMCxLBt XHdb6ewsbm1vVPcLe3tHxwelY9P2 jpOFcMWi0WsugHVKLjEluFGYDdRS KNAYCeY3M39zhMqzWP5YKYJ+hEdS R5yRo2VmumgXHGr7gJknXg5qUCO xqD81R/GLI1QGiao1j3PTYyfUWU4 Ezgr9VONCWUTOsKepZJGqP1sceiM XFhlSMJY2ZKGLNTfExmNtJ5Gge2M qBnrVW8u/uf1UhPe+hmXSWpQsuW iMBXExGT+NRlyhcyIqSWUKW5vJWx MFWXGZlOyIXirL6+T9nXVc6tes1a pX+VxFOEMzuESPLiBOtxDA1rAAOE ZXuHNeXRenHfnY9lacPKZU/gD5/ MH2w+M4w==</latexit>
ti
<latexit sha1_ba se64="9r2kA9LIKiZliKvzxDILWjptL +U=">AAAB6nicbVBNS8NAEJ3Ur1q/qh6 9LBbBg5REBD0WvHisaD+gDWWz3bRLN5 uwOxFK6E/w4kERr/4ib/4bt2kO2vpg4 PHeDDPzgkQKg6777ZTW1jc2t8rblZ3d vf2D6uFR28SpZrzFYhnrbkANl0LxFgqU vJtoTqNA8k4wuZ37nSeujYjVI04T7kd 0pEQoGEUrPeBADKo1t+7mIKvEK0gNCj QH1a/+MGZpxBUySY3peW6CfkY1Cib5r NJPDU8om9AR71mqaMSNn+WnzsiZVYYkj LUthSRXf09kNDJmGgW2M6I4NsveXPzP 66UY3viZUEmKXLHFojCVBGMy/5sMheY M5dQSyrSwtxI2ppoytOlUbAje8surpH 1Z99y6d39Va1wUcZThBE7hHDy4hgbcQR NawGAEz/AKb450Xpx352PRWnKKmWP4A +fzB1Pajb4=</latexit><latexit sha1_ba se64="9r2kA9LIKiZliKvzxDILWjptL +U=">AAAB6nicbVBNS8NAEJ3Ur1q/qh6 9LBbBg5REBD0WvHisaD+gDWWz3bRLN5 uwOxFK6E/w4kERr/4ib/4bt2kO2vpg4 PHeDDPzgkQKg6777ZTW1jc2t8rblZ3d vf2D6uFR28SpZrzFYhnrbkANl0LxFgqU vJtoTqNA8k4wuZ37nSeujYjVI04T7kd 0pEQoGEUrPeBADKo1t+7mIKvEK0gNCj QH1a/+MGZpxBUySY3peW6CfkY1Cib5r NJPDU8om9AR71mqaMSNn+WnzsiZVYYkj LUthSRXf09kNDJmGgW2M6I4NsveXPzP 66UY3viZUEmKXLHFojCVBGMy/5sMheY M5dQSyrSwtxI2ppoytOlUbAje8surpH 1Z99y6d39Va1wUcZThBE7hHDy4hgbcQR NawGAEz/AKb450Xpx352PRWnKKmWP4A +fzB1Pajb4=</latexit><latexit sha1_ba se64="9r2kA9LIKiZliKvzxDILWjptL +U=">AAAB6nicbVBNS8NAEJ3Ur1q/qh6 9LBbBg5REBD0WvHisaD+gDWWz3bRLN5 uwOxFK6E/w4kERr/4ib/4bt2kO2vpg4 PHeDDPzgkQKg6777ZTW1jc2t8rblZ3d vf2D6uFR28SpZrzFYhnrbkANl0LxFgqU vJtoTqNA8k4wuZ37nSeujYjVI04T7kd 0pEQoGEUrPeBADKo1t+7mIKvEK0gNCj QH1a/+MGZpxBUySY3peW6CfkY1Cib5r NJPDU8om9AR71mqaMSNn+WnzsiZVYYkj LUthSRXf09kNDJmGgW2M6I4NsveXPzP 66UY3viZUEmKXLHFojCVBGMy/5sMheY M5dQSyrSwtxI2ppoytOlUbAje8surpH 1Z99y6d39Va1wUcZThBE7hHDy4hgbcQR NawGAEz/AKb450Xpx352PRWnKKmWP4A +fzB1Pajb4=</latexit><latexit sha1_ba se64="9r2kA9LIKiZliKvzxDILWjptL +U=">AAAB6nicbVBNS8NAEJ3Ur1q/qh6 9LBbBg5REBD0WvHisaD+gDWWz3bRLN5 uwOxFK6E/w4kERr/4ib/4bt2kO2vpg4 PHeDDPzgkQKg6777ZTW1jc2t8rblZ3d vf2D6uFR28SpZrzFYhnrbkANl0LxFgqU vJtoTqNA8k4wuZ37nSeujYjVI04T7kd 0pEQoGEUrPeBADKo1t+7mIKvEK0gNCj QH1a/+MGZpxBUySY3peW6CfkY1Cib5r NJPDU8om9AR71mqaMSNn+WnzsiZVYYkj LUthSRXf09kNDJmGgW2M6I4NsveXPzP 66UY3viZUEmKXLHFojCVBGMy/5sMheY M5dQSyrSwtxI2ppoytOlUbAje8surpH 1Z99y6d39Va1wUcZThBE7hHDy4hgbcQR NawGAEz/AKb450Xpx352PRWnKKmWP4A +fzB1Pajb4=</latexit>
v
<latexit sha1 _base64="27y43eX1yAfNiW6 bhDgaM556WGo=">AAAB6Hicb VBNS8NAEJ3Ur1q/qh69LBbBg5 REBD0WvHhswX5AG8pmO2nXbj Zhd1Moob/AiwdFvPqTvPlv3L Y5aOuDgcd7M8zMCxLBtXHdb6 ewsbm1vVPcLe3tHxwelY9PWjp OFcMmi0WsOgHVKLjEpuFGYCd RSKNAYDsY38/99gSV5rF8NNM E/YgOJQ85o8ZKjUm/XHGr7gJk nXg5qUCOer/81RvELI1QGiao 1l3PTYyfUWU4Ezgr9VKNCWVj OsSupZJGqP1sceiMXFhlQMJY2 ZKGLNTfExmNtJ5Gge2MqBnpV W8u/ud1UxPe+RmXSWpQsuWiM BXExGT+NRlwhcyIqSWUKW5vJ WxEFWXGZlOyIXirL6+T1nXVc6 te46ZSu8rjKMIZnMMleHALNX iAOjSBAcIzvMKb8+S8OO/Ox7 K14OQzp/AHzucP3JOM5A==</l atexit><latexit sha1 _base64="27y43eX1yAfNiW6 bhDgaM556WGo=">AAAB6Hicb VBNS8NAEJ3Ur1q/qh69LBbBg5 REBD0WvHhswX5AG8pmO2nXbj Zhd1Moob/AiwdFvPqTvPlv3L Y5aOuDgcd7M8zMCxLBtXHdb6 ewsbm1vVPcLe3tHxwelY9PWjp OFcMmi0WsOgHVKLjEpuFGYCd RSKNAYDsY38/99gSV5rF8NNM E/YgOJQ85o8ZKjUm/XHGr7gJk nXg5qUCOer/81RvELI1QGiao 1l3PTYyfUWU4Ezgr9VKNCWVj OsSupZJGqP1sceiMXFhlQMJY2 ZKGLNTfExmNtJ5Gge2MqBnpV W8u/ud1UxPe+RmXSWpQsuWiM BXExGT+NRlwhcyIqSWUKW5vJ WxEFWXGZlOyIXirL6+T1nXVc6 te46ZSu8rjKMIZnMMleHALNX iAOjSBAcIzvMKb8+S8OO/Ox7 K14OQzp/AHzucP3JOM5A==</l atexit><latexit sha1 _base64="27y43eX1yAfNiW6 bhDgaM556WGo=">AAAB6Hicb VBNS8NAEJ3Ur1q/qh69LBbBg5 REBD0WvHhswX5AG8pmO2nXbj Zhd1Moob/AiwdFvPqTvPlv3L Y5aOuDgcd7M8zMCxLBtXHdb6 ewsbm1vVPcLe3tHxwelY9PWjp OFcMmi0WsOgHVKLjEpuFGYCd RSKNAYDsY38/99gSV5rF8NNM E/YgOJQ85o8ZKjUm/XHGr7gJk nXg5qUCOer/81RvELI1QGiao 1l3PTYyfUWU4Ezgr9VKNCWVj OsSupZJGqP1sceiMXFhlQMJY2 ZKGLNTfExmNtJ5Gge2MqBnpV W8u/ud1UxPe+RmXSWpQsuWiM BXExGT+NRlwhcyIqSWUKW5vJ WxEFWXGZlOyIXirL6+T1nXVc6 te46ZSu8rjKMIZnMMleHALNX iAOjSBAcIzvMKb8+S8OO/Ox7 K14OQzp/AHzucP3JOM5A==</l atexit><latexit sha1 _base64="27y43eX1yAfNiW6 bhDgaM556WGo=">AAAB6Hicb VBNS8NAEJ3Ur1q/qh69LBbBg5 REBD0WvHhswX5AG8pmO2nXbj Zhd1Moob/AiwdFvPqTvPlv3L Y5aOuDgcd7M8zMCxLBtXHdb6 ewsbm1vVPcLe3tHxwelY9PWjp OFcMmi0WsOgHVKLjEpuFGYCd RSKNAYDsY38/99gSV5rF8NNM E/YgOJQ85o8ZKjUm/XHGr7gJk nXg5qUCOer/81RvELI1QGiao 1l3PTYyfUWU4Ezgr9VKNCWVj OsSupZJGqP1sceiMXFhlQMJY2 ZKGLNTfExmNtJ5Gge2MqBnpV W8u/ud1UxPe+RmXSWpQsuWiM BXExGT+NRlwhcyIqSWUKW5vJ WxEFWXGZlOyIXirL6+T1nXVc6 te46ZSu8rjKMIZnMMleHALNX iAOjSBAcIzvMKb8+S8OO/Ox7 K14OQzp/AHzucP3JOM5A==</l atexit> w
<latexit sha1_base 64="2aMTcjFb5dS3Z967RYWuiV36bLw=">A AAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBg5R EBD0WvHhswX5AG8pmO2nXbjZhd6OU0F/gxY MiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut 1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJ WnYBqFFxi03AjsJMopFEgsB2Mb2d++xGV5r G8N5ME/YgOJQ85o8ZKjad+ueJW3TnIKvFyU oEc9X75qzeIWRqhNExQrbuemxg/o8pwJnBa 6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsi UNmau/JzIaaT2JAtsZUTPSy95M/M/rpia88 TMuk9SgZItFYSqIicnsazLgCpkRE0soU9ze StiIKsqMzaZkQ/CWX14lrcuq51a9xlWldp HHUYQTOIVz8OAaanAHdWgCA4RneIU358F5c d6dj0VrwclnjuEPnM8f3heM5Q==</latexi t><latexit sha1_base 64="2aMTcjFb5dS3Z967RYWuiV36bLw=">A AAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBg5R EBD0WvHhswX5AG8pmO2nXbjZhd6OU0F/gxY MiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut 1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJ WnYBqFFxi03AjsJMopFEgsB2Mb2d++xGV5r G8N5ME/YgOJQ85o8ZKjad+ueJW3TnIKvFyU oEc9X75qzeIWRqhNExQrbuemxg/o8pwJnBa 6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsi UNmau/JzIaaT2JAtsZUTPSy95M/M/rpia88 TMuk9SgZItFYSqIicnsazLgCpkRE0soU9ze StiIKsqMzaZkQ/CWX14lrcuq51a9xlWldp HHUYQTOIVz8OAaanAHdWgCA4RneIU358F5c d6dj0VrwclnjuEPnM8f3heM5Q==</latexi t><latexit sha1_base 64="2aMTcjFb5dS3Z967RYWuiV36bLw=">A AAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBg5R EBD0WvHhswX5AG8pmO2nXbjZhd6OU0F/gxY MiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut 1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJ WnYBqFFxi03AjsJMopFEgsB2Mb2d++xGV5r G8N5ME/YgOJQ85o8ZKjad+ueJW3TnIKvFyU oEc9X75qzeIWRqhNExQrbuemxg/o8pwJnBa 6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsi UNmau/JzIaaT2JAtsZUTPSy95M/M/rpia88 TMuk9SgZItFYSqIicnsazLgCpkRE0soU9ze StiIKsqMzaZkQ/CWX14lrcuq51a9xlWldp HHUYQTOIVz8OAaanAHdWgCA4RneIU358F5c d6dj0VrwclnjuEPnM8f3heM5Q==</latexi t><latexit sha1_base 64="2aMTcjFb5dS3Z967RYWuiV36bLw=">A AAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBg5R EBD0WvHhswX5AG8pmO2nXbjZhd6OU0F/gxY MiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut 1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJ WnYBqFFxi03AjsJMopFEgsB2Mb2d++xGV5r G8N5ME/YgOJQ85o8ZKjad+ueJW3TnIKvFyU oEc9X75qzeIWRqhNExQrbuemxg/o8pwJnBa 6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsi UNmau/JzIaaT2JAtsZUTPSy95M/M/rpia88 TMuk9SgZItFYSqIicnsazLgCpkRE0soU9ze StiIKsqMzaZkQ/CWX14lrcuq51a9xlWldp HHUYQTOIVz8OAaanAHdWgCA4RneIU358F5c d6dj0VrwclnjuEPnM8f3heM5Q==</latexi t>
(a) G′
P 11
<latexit sha1_base64="vGWf5lK8 eDEKKo+qE4ov0onTAWc=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBC8GHZE 0GPAi8cI5gHJGmYnk2TI7Ow60yuEJT/hxYMiXv0db/6Nk2QPmljQUFR109 0VJkpa9P1vb2V1bX1js7BV3N7Z3dsvHRw2bJwaLuo8VrFphcwKJbWoo0QlW okRLAqVaIajm6nffBLGyljf4zgRQcQGWvYlZ+ikVq1LH7JzOumWyn7Fn4E sE5qTMuSodUtfnV7M00ho5IpZ26Z+gkHGDEquxKTYSa1IGB+xgWg7qlkkb JDN7p2QU6f0SD82rjSSmfp7ImORteModJ0Rw6Fd9Kbif147xf51kEmdpCg0 ny/qp4pgTKbPk540gqMaO8K4ke5WwofMMI4uoqILgS6+vEwaFxXqV+jdZb nq53EU4BhO4AwoXEEVbqEGdeCg4Ble4c179F68d+9j3rri5TNH8Afe5w8e w49M</latexit><latexit sha1_base64="vGWf5lK8 eDEKKo+qE4ov0onTAWc=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBC8GHZE 0GPAi8cI5gHJGmYnk2TI7Ow60yuEJT/hxYMiXv0db/6Nk2QPmljQUFR109 0VJkpa9P1vb2V1bX1js7BV3N7Z3dsvHRw2bJwaLuo8VrFphcwKJbWoo0QlW okRLAqVaIajm6nffBLGyljf4zgRQcQGWvYlZ+ikVq1LH7JzOumWyn7Fn4E sE5qTMuSodUtfnV7M00ho5IpZ26Z+gkHGDEquxKTYSa1IGB+xgWg7qlkkb JDN7p2QU6f0SD82rjSSmfp7ImORteModJ0Rw6Fd9Kbif147xf51kEmdpCg0 ny/qp4pgTKbPk540gqMaO8K4ke5WwofMMI4uoqILgS6+vEwaFxXqV+jdZb nq53EU4BhO4AwoXEEVbqEGdeCg4Ble4c179F68d+9j3rri5TNH8Afe5w8e w49M</latexit><latexit sha1_base64="vGWf5lK8 eDEKKo+qE4ov0onTAWc=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBC8GHZE 0GPAi8cI5gHJGmYnk2TI7Ow60yuEJT/hxYMiXv0db/6Nk2QPmljQUFR109 0VJkpa9P1vb2V1bX1js7BV3N7Z3dsvHRw2bJwaLuo8VrFphcwKJbWoo0QlW okRLAqVaIajm6nffBLGyljf4zgRQcQGWvYlZ+ikVq1LH7JzOumWyn7Fn4E sE5qTMuSodUtfnV7M00ho5IpZ26Z+gkHGDEquxKTYSa1IGB+xgWg7qlkkb JDN7p2QU6f0SD82rjSSmfp7ImORteModJ0Rw6Fd9Kbif147xf51kEmdpCg0 ny/qp4pgTKbPk540gqMaO8K4ke5WwofMMI4uoqILgS6+vEwaFxXqV+jdZb nq53EU4BhO4AwoXEEVbqEGdeCg4Ble4c179F68d+9j3rri5TNH8Afe5w8e w49M</latexit><latexit sha1_base64="vGWf5lK8 eDEKKo+qE4ov0onTAWc=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBC8GHZE 0GPAi8cI5gHJGmYnk2TI7Ow60yuEJT/hxYMiXv0db/6Nk2QPmljQUFR109 0VJkpa9P1vb2V1bX1js7BV3N7Z3dsvHRw2bJwaLuo8VrFphcwKJbWoo0QlW okRLAqVaIajm6nffBLGyljf4zgRQcQGWvYlZ+ikVq1LH7JzOumWyn7Fn4E sE5qTMuSodUtfnV7M00ho5IpZ26Z+gkHGDEquxKTYSa1IGB+xgWg7qlkkb JDN7p2QU6f0SD82rjSSmfp7ImORteModJ0Rw6Fd9Kbif147xf51kEmdpCg0 ny/qp4pgTKbPk540gqMaO8K4ke5WwofMMI4uoqILgS6+vEwaFxXqV+jdZb nq53EU4BhO4AwoXEEVbqEGdeCg4Ble4c179F68d+9j3rri5TNH8Afe5w8e w49M</latexit>
P 12
<latexit sha1_base64="/n4Q55o1 bd9sJ4RykdWijSodybQ=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBiyUp gh4LXjxWsB/QxrLZbtqlm03cnQgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhp l5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3 kk0p1EgeTsY38z89hPXRsTqHicJ9yM6VCIUjKKVOo1+7SG78Kb9csWtunO QVeLlpAI5Gv3yV28QszTiCpmkxnQ9N0E/oxoFk3xa6qWGJ5SN6ZB3LVU04 sbP5vdOyZlVBiSMtS2FZK7+nshoZMwkCmxnRHFklr2Z+J/XTTG89jOhkhS5 YotFYSoJxmT2PBkIzRnKiSWUaWFvJWxENWVoIyrZELzll1dJq1b13Kp3d1 mpu3kcRTiBUzgHD66gDrfQgCYwkPAMr/DmPDovzrvzsWgtOPnMMfyB8/kD IEyPTQ==</latexit><latexit sha1_base64="/n4Q55o1 bd9sJ4RykdWijSodybQ=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBiyUp gh4LXjxWsB/QxrLZbtqlm03cnQgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhp l5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3 kk0p1EgeTsY38z89hPXRsTqHicJ9yM6VCIUjKKVOo1+7SG78Kb9csWtunO QVeLlpAI5Gv3yV28QszTiCpmkxnQ9N0E/oxoFk3xa6qWGJ5SN6ZB3LVU04 sbP5vdOyZlVBiSMtS2FZK7+nshoZMwkCmxnRHFklr2Z+J/XTTG89jOhkhS5 YotFYSoJxmT2PBkIzRnKiSWUaWFvJWxENWVoIyrZELzll1dJq1b13Kp3d1 mpu3kcRTiBUzgHD66gDrfQgCYwkPAMr/DmPDovzrvzsWgtOPnMMfyB8/kD IEyPTQ==</latexit><latexit sha1_base64="/n4Q55o1 bd9sJ4RykdWijSodybQ=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBiyUp gh4LXjxWsB/QxrLZbtqlm03cnQgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhp l5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3 kk0p1EgeTsY38z89hPXRsTqHicJ9yM6VCIUjKKVOo1+7SG78Kb9csWtunO QVeLlpAI5Gv3yV28QszTiCpmkxnQ9N0E/oxoFk3xa6qWGJ5SN6ZB3LVU04 sbP5vdOyZlVBiSMtS2FZK7+nshoZMwkCmxnRHFklr2Z+J/XTTG89jOhkhS5 YotFYSoJxmT2PBkIzRnKiSWUaWFvJWxENWVoIyrZELzll1dJq1b13Kp3d1 mpu3kcRTiBUzgHD66gDrfQgCYwkPAMr/DmPDovzrvzsWgtOPnMMfyB8/kD IEyPTQ==</latexit><latexit sha1_base64="/n4Q55o1 bd9sJ4RykdWijSodybQ=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBiyUp gh4LXjxWsB/QxrLZbtqlm03cnQgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhp l5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3 kk0p1EgeTsY38z89hPXRsTqHicJ9yM6VCIUjKKVOo1+7SG78Kb9csWtunO QVeLlpAI5Gv3yV28QszTiCpmkxnQ9N0E/oxoFk3xa6qWGJ5SN6ZB3LVU04 sbP5vdOyZlVBiSMtS2FZK7+nshoZMwkCmxnRHFklr2Z+J/XTTG89jOhkhS5 YotFYSoJxmT2PBkIzRnKiSWUaWFvJWxENWVoIyrZELzll1dJq1b13Kp3d1 mpu3kcRTiBUzgHD66gDrfQgCYwkPAMr/DmPDovzrvzsWgtOPnMMfyB8/kD IEyPTQ==</latexit>
si
<latexit sha1_base64="UduP2 omLeb/ubpVg1x09rc raBt8=">AAAB6nicb VBNS8NAEJ3Ur1q/qh6 9LBbBg5REBD0WvHis aD+gDWWz3bRLN5uwO xFK6E/w4kERr/4ib/4 bt2kO2vpg4PHeDDPz gkQKg6777ZTW1jc2t 8rblZ3dvf2D6uFR28S pZrzFYhnrbkANl0Lx FgqUvJtoTqNA8k4wu Z37nSeujYjVI04T7kd 0pEQoGEUrPZiBGFRr bt3NQVaJV5AaFGgOql /9YczSiCtkkhrT89w E/YxqFEzyWaWfGp5Q NqEj3rNU0YgbP8tPnZ EzqwxJGGtbCkmu/p7 IaGTMNApsZ0RxbJa9 ufif10sxvPEzoZIUuW KLRWEqCcZk/jcZCs0 ZyqkllGlhbyVsTDVl aNOp2BC85ZdXSfuy7r l17/6q1rgo4ijDCZz COXhwDQ24gya0gMEI nuEV3hzpvDjvzseite QUM8fwB87nD1JUjb0 =</latexit><latexit sha1_base64="UduP2 omLeb/ubpVg1x09rc raBt8=">AAAB6nicb VBNS8NAEJ3Ur1q/qh6 9LBbBg5REBD0WvHis aD+gDWWz3bRLN5uwO xFK6E/w4kERr/4ib/4 bt2kO2vpg4PHeDDPz gkQKg6777ZTW1jc2t 8rblZ3dvf2D6uFR28S pZrzFYhnrbkANl0Lx FgqUvJtoTqNA8k4wu Z37nSeujYjVI04T7kd 0pEQoGEUrPZiBGFRr bt3NQVaJV5AaFGgOql /9YczSiCtkkhrT89w E/YxqFEzyWaWfGp5Q NqEj3rNU0YgbP8tPnZ EzqwxJGGtbCkmu/p7 IaGTMNApsZ0RxbJa9 ufif10sxvPEzoZIUuW KLRWEqCcZk/jcZCs0 ZyqkllGlhbyVsTDVl aNOp2BC85ZdXSfuy7r l17/6q1rgo4ijDCZz COXhwDQ24gya0gMEI nuEV3hzpvDjvzseite QUM8fwB87nD1JUjb0 =</latexit><latexit sha1_base64="UduP2 omLeb/ubpVg1x09rc raBt8=">AAAB6nicb VBNS8NAEJ3Ur1q/qh6 9LBbBg5REBD0WvHis aD+gDWWz3bRLN5uwO xFK6E/w4kERr/4ib/4 bt2kO2vpg4PHeDDPz gkQKg6777ZTW1jc2t 8rblZ3dvf2D6uFR28S pZrzFYhnrbkANl0Lx FgqUvJtoTqNA8k4wu Z37nSeujYjVI04T7kd 0pEQoGEUrPZiBGFRr bt3NQVaJV5AaFGgOql /9YczSiCtkkhrT89w E/YxqFEzyWaWfGp5Q NqEj3rNU0YgbP8tPnZ EzqwxJGGtbCkmu/p7 IaGTMNApsZ0RxbJa9 ufif10sxvPEzoZIUuW KLRWEqCcZk/jcZCs0 ZyqkllGlhbyVsTDVl aNOp2BC85ZdXSfuy7r l17/6q1rgo4ijDCZz COXhwDQ24gya0gMEI nuEV3hzpvDjvzseite QUM8fwB87nD1JUjb0 =</latexit><latexit sha1_base64="UduP2 omLeb/ubpVg1x09rc raBt8=">AAAB6nicb VBNS8NAEJ3Ur1q/qh6 9LBbBg5REBD0WvHis aD+gDWWz3bRLN5uwO xFK6E/w4kERr/4ib/4 bt2kO2vpg4PHeDDPz gkQKg6777ZTW1jc2t 8rblZ3dvf2D6uFR28S pZrzFYhnrbkANl0Lx FgqUvJtoTqNA8k4wu Z37nSeujYjVI04T7kd 0pEQoGEUrPZiBGFRr bt3NQVaJV5AaFGgOql /9YczSiCtkkhrT89w E/YxqFEzyWaWfGp5Q NqEj3rNU0YgbP8tPnZ EzqwxJGGtbCkmu/p7 IaGTMNApsZ0RxbJa9 ufif10sxvPEzoZIUuW KLRWEqCcZk/jcZCs0 ZyqkllGlhbyVsTDVl aNOp2BC85ZdXSfuy7r l17/6q1rgo4ijDCZz COXhwDQ24gya0gMEI nuEV3hzpvDjvzseite QUM8fwB87nD1JUjb0 =</latexit>
u
<latexit sha1_ base64="brKMPJISzgyw/wfi4FbP TZVtwtE=">AAAB6HicbVBNS8NAEJ 3Ur1q/qh69LBbBg5RECnosePHYgv 2ANpTNdtKu3WzC7kYoob/AiwdFv PqTvPlv3LY5aOuDgcd7M8zMCxLBt XHdb6ewsbm1vVPcLe3tHxwelY9P2 jpOFcMWi0WsugHVKLjEluFGYDdRS KNAYCeY3M39zhMqzWP5YKYJ+hEdS R5yRo2VmumgXHGr7gJknXg5qUCO xqD81R/GLI1QGiao1j3PTYyfUWU4 Ezgr9VONCWUTOsKepZJGqP1sceiM XFhlSMJY2ZKGLNTfExmNtJ5Gge2M qBnrVW8u/uf1UhPe+hmXSWpQsuW iMBXExGT+NRlyhcyIqSWUKW5vJWx MFWXGZlOyIXirL6+T9nXVc6tes1a pX+VxFOEMzuESPLiBOtxDA1rAAOE ZXuHNeXRenHfnY9lacPKZU/gD5/ MH2w+M4w==</latexit><latexit sha1_ base64="brKMPJISzgyw/wfi4FbP TZVtwtE=">AAAB6HicbVBNS8NAEJ 3Ur1q/qh69LBbBg5RECnosePHYgv 2ANpTNdtKu3WzC7kYoob/AiwdFv PqTvPlv3LY5aOuDgcd7M8zMCxLBt XHdb6ewsbm1vVPcLe3tHxwelY9P2 jpOFcMWi0WsugHVKLjEluFGYDdRS KNAYCeY3M39zhMqzWP5YKYJ+hEdS R5yRo2VmumgXHGr7gJknXg5qUCO xqD81R/GLI1QGiao1j3PTYyfUWU4 Ezgr9VONCWUTOsKepZJGqP1sceiM XFhlSMJY2ZKGLNTfExmNtJ5Gge2M qBnrVW8u/uf1UhPe+hmXSWpQsuW iMBXExGT+NRlyhcyIqSWUKW5vJWx MFWXGZlOyIXirL6+T9nXVc6tes1a pX+VxFOEMzuESPLiBOtxDA1rAAOE ZXuHNeXRenHfnY9lacPKZU/gD5/ MH2w+M4w==</latexit><latexit sha1_ base64="brKMPJISzgyw/wfi4FbP TZVtwtE=">AAAB6HicbVBNS8NAEJ 3Ur1q/qh69LBbBg5RECnosePHYgv 2ANpTNdtKu3WzC7kYoob/AiwdFv PqTvPlv3LY5aOuDgcd7M8zMCxLBt XHdb6ewsbm1vVPcLe3tHxwelY9P2 jpOFcMWi0WsugHVKLjEluFGYDdRS KNAYCeY3M39zhMqzWP5YKYJ+hEdS R5yRo2VmumgXHGr7gJknXg5qUCO xqD81R/GLI1QGiao1j3PTYyfUWU4 Ezgr9VONCWUTOsKepZJGqP1sceiM XFhlSMJY2ZKGLNTfExmNtJ5Gge2M qBnrVW8u/uf1UhPe+hmXSWpQsuW iMBXExGT+NRlyhcyIqSWUKW5vJWx MFWXGZlOyIXirL6+T9nXVc6tes1a pX+VxFOEMzuESPLiBOtxDA1rAAOE ZXuHNeXRenHfnY9lacPKZU/gD5/ MH2w+M4w==</latexit><latexit sha1_ base64="brKMPJISzgyw/wfi4FbP TZVtwtE=">AAAB6HicbVBNS8NAEJ 3Ur1q/qh69LBbBg5RECnosePHYgv 2ANpTNdtKu3WzC7kYoob/AiwdFv PqTvPlv3LY5aOuDgcd7M8zMCxLBt XHdb6ewsbm1vVPcLe3tHxwelY9P2 jpOFcMWi0WsugHVKLjEluFGYDdRS KNAYCeY3M39zhMqzWP5YKYJ+hEdS R5yRo2VmumgXHGr7gJknXg5qUCO xqD81R/GLI1QGiao1j3PTYyfUWU4 Ezgr9VONCWUTOsKepZJGqP1sceiM XFhlSMJY2ZKGLNTfExmNtJ5Gge2M qBnrVW8u/uf1UhPe+hmXSWpQsuW iMBXExGT+NRlyhcyIqSWUKW5vJWx MFWXGZlOyIXirL6+T9nXVc6tes1a pX+VxFOEMzuESPLiBOtxDA1rAAOE ZXuHNeXRenHfnY9lacPKZU/gD5/ MH2w+M4w==</latexit>
ti
<latexit sha1_ba se64="9r2kA9LIKiZliKvzxDILWjptL +U=">AAAB6nicbVBNS8NAEJ3Ur1q/qh6 9LBbBg5REBD0WvHisaD+gDWWz3bRLN5 uwOxFK6E/w4kERr/4ib/4bt2kO2vpg4 PHeDDPzgkQKg6777ZTW1jc2t8rblZ3d vf2D6uFR28SpZrzFYhnrbkANl0LxFgqU vJtoTqNA8k4wuZ37nSeujYjVI04T7kd 0pEQoGEUrPeBADKo1t+7mIKvEK0gNCj QH1a/+MGZpxBUySY3peW6CfkY1Cib5r NJPDU8om9AR71mqaMSNn+WnzsiZVYYkj LUthSRXf09kNDJmGgW2M6I4NsveXPzP 66UY3viZUEmKXLHFojCVBGMy/5sMheY M5dQSyrSwtxI2ppoytOlUbAje8surpH 1Z99y6d39Va1wUcZThBE7hHDy4hgbcQR NawGAEz/AKb450Xpx352PRWnKKmWP4A +fzB1Pajb4=</latexit><latexit sha1_ba se64="9r2kA9LIKiZliKvzxDILWjptL +U=">AAAB6nicbVBNS8NAEJ3Ur1q/qh6 9LBbBg5REBD0WvHisaD+gDWWz3bRLN5 uwOxFK6E/w4kERr/4ib/4bt2kO2vpg4 PHeDDPzgkQKg6777ZTW1jc2t8rblZ3d vf2D6uFR28SpZrzFYhnrbkANl0LxFgqU vJtoTqNA8k4wuZ37nSeujYjVI04T7kd 0pEQoGEUrPeBADKo1t+7mIKvEK0gNCj QH1a/+MGZpxBUySY3peW6CfkY1Cib5r NJPDU8om9AR71mqaMSNn+WnzsiZVYYkj LUthSRXf09kNDJmGgW2M6I4NsveXPzP 66UY3viZUEmKXLHFojCVBGMy/5sMheY M5dQSyrSwtxI2ppoytOlUbAje8surpH 1Z99y6d39Va1wUcZThBE7hHDy4hgbcQR NawGAEz/AKb450Xpx352PRWnKKmWP4A +fzB1Pajb4=</latexit><latexit sha1_ba se64="9r2kA9LIKiZliKvzxDILWjptL +U=">AAAB6nicbVBNS8NAEJ3Ur1q/qh6 9LBbBg5REBD0WvHisaD+gDWWz3bRLN5 uwOxFK6E/w4kERr/4ib/4bt2kO2vpg4 PHeDDPzgkQKg6777ZTW1jc2t8rblZ3d vf2D6uFR28SpZrzFYhnrbkANl0LxFgqU vJtoTqNA8k4wuZ37nSeujYjVI04T7kd 0pEQoGEUrPeBADKo1t+7mIKvEK0gNCj QH1a/+MGZpxBUySY3peW6CfkY1Cib5r NJPDU8om9AR71mqaMSNn+WnzsiZVYYkj LUthSRXf09kNDJmGgW2M6I4NsveXPzP 66UY3viZUEmKXLHFojCVBGMy/5sMheY M5dQSyrSwtxI2ppoytOlUbAje8surpH 1Z99y6d39Va1wUcZThBE7hHDy4hgbcQR NawGAEz/AKb450Xpx352PRWnKKmWP4A +fzB1Pajb4=</latexit><latexit sha1_ba se64="9r2kA9LIKiZliKvzxDILWjptL +U=">AAAB6nicbVBNS8NAEJ3Ur1q/qh6 9LBbBg5REBD0WvHisaD+gDWWz3bRLN5 uwOxFK6E/w4kERr/4ib/4bt2kO2vpg4 PHeDDPzgkQKg6777ZTW1jc2t8rblZ3d vf2D6uFR28SpZrzFYhnrbkANl0LxFgqU vJtoTqNA8k4wuZ37nSeujYjVI04T7kd 0pEQoGEUrPeBADKo1t+7mIKvEK0gNCj QH1a/+MGZpxBUySY3peW6CfkY1Cib5r NJPDU8om9AR71mqaMSNn+WnzsiZVYYkj LUthSRXf09kNDJmGgW2M6I4NsveXPzP 66UY3viZUEmKXLHFojCVBGMy/5sMheY M5dQSyrSwtxI2ppoytOlUbAje8surpH 1Z99y6d39Va1wUcZThBE7hHDy4hgbcQR NawGAEz/AKb450Xpx352PRWnKKmWP4A +fzB1Pajb4=</latexit>
v
<latexit sha1 _base64="27y43eX1yAfNiW6 bhDgaM556WGo=">AAAB6Hicb VBNS8NAEJ3Ur1q/qh69LBbBg5 REBD0WvHhswX5AG8pmO2nXbj Zhd1Moob/AiwdFvPqTvPlv3L Y5aOuDgcd7M8zMCxLBtXHdb6 ewsbm1vVPcLe3tHxwelY9PWjp OFcMmi0WsOgHVKLjEpuFGYCd RSKNAYDsY38/99gSV5rF8NNM E/YgOJQ85o8ZKjUm/XHGr7gJk nXg5qUCOer/81RvELI1QGiao 1l3PTYyfUWU4Ezgr9VKNCWVj OsSupZJGqP1sceiMXFhlQMJY2 ZKGLNTfExmNtJ5Gge2MqBnpV W8u/ud1UxPe+RmXSWpQsuWiM BXExGT+NRlwhcyIqSWUKW5vJ WxEFWXGZlOyIXirL6+T1nXVc6 te46ZSu8rjKMIZnMMleHALNX iAOjSBAcIzvMKb8+S8OO/Ox7 K14OQzp/AHzucP3JOM5A==</l atexit><latexit sha1 _base64="27y43eX1yAfNiW6 bhDgaM556WGo=">AAAB6Hicb VBNS8NAEJ3Ur1q/qh69LBbBg5 REBD0WvHhswX5AG8pmO2nXbj Zhd1Moob/AiwdFvPqTvPlv3L Y5aOuDgcd7M8zMCxLBtXHdb6 ewsbm1vVPcLe3tHxwelY9PWjp OFcMmi0WsOgHVKLjEpuFGYCd RSKNAYDsY38/99gSV5rF8NNM E/YgOJQ85o8ZKjUm/XHGr7gJk nXg5qUCOer/81RvELI1QGiao 1l3PTYyfUWU4Ezgr9VKNCWVj OsSupZJGqP1sceiMXFhlQMJY2 ZKGLNTfExmNtJ5Gge2MqBnpV W8u/ud1UxPe+RmXSWpQsuWiM BXExGT+NRlwhcyIqSWUKW5vJ WxEFWXGZlOyIXirL6+T1nXVc6 te46ZSu8rjKMIZnMMleHALNX iAOjSBAcIzvMKb8+S8OO/Ox7 K14OQzp/AHzucP3JOM5A==</l atexit><latexit sha1 _base64="27y43eX1yAfNiW6 bhDgaM556WGo=">AAAB6Hicb VBNS8NAEJ3Ur1q/qh69LBbBg5 REBD0WvHhswX5AG8pmO2nXbj Zhd1Moob/AiwdFvPqTvPlv3L Y5aOuDgcd7M8zMCxLBtXHdb6 ewsbm1vVPcLe3tHxwelY9PWjp OFcMmi0WsOgHVKLjEpuFGYCd RSKNAYDsY38/99gSV5rF8NNM E/YgOJQ85o8ZKjUm/XHGr7gJk nXg5qUCOer/81RvELI1QGiao 1l3PTYyfUWU4Ezgr9VKNCWVj OsSupZJGqP1sceiMXFhlQMJY2 ZKGLNTfExmNtJ5Gge2MqBnpV W8u/ud1UxPe+RmXSWpQsuWiM BXExGT+NRlwhcyIqSWUKW5vJ WxEFWXGZlOyIXirL6+T1nXVc6 te46ZSu8rjKMIZnMMleHALNX iAOjSBAcIzvMKb8+S8OO/Ox7 K14OQzp/AHzucP3JOM5A==</l atexit><latexit sha1 _base64="27y43eX1yAfNiW6 bhDgaM556WGo=">AAAB6Hicb VBNS8NAEJ3Ur1q/qh69LBbBg5 REBD0WvHhswX5AG8pmO2nXbj Zhd1Moob/AiwdFvPqTvPlv3L Y5aOuDgcd7M8zMCxLBtXHdb6 ewsbm1vVPcLe3tHxwelY9PWjp OFcMmi0WsOgHVKLjEpuFGYCd RSKNAYDsY38/99gSV5rF8NNM E/YgOJQ85o8ZKjUm/XHGr7gJk nXg5qUCOer/81RvELI1QGiao 1l3PTYyfUWU4Ezgr9VKNCWVj OsSupZJGqP1sceiMXFhlQMJY2 ZKGLNTfExmNtJ5Gge2MqBnpV W8u/ud1UxPe+RmXSWpQsuWiM BXExGT+NRlwhcyIqSWUKW5vJ WxEFWXGZlOyIXirL6+T1nXVc6 te46ZSu8rjKMIZnMMleHALNX iAOjSBAcIzvMKb8+S8OO/Ox7 K14OQzp/AHzucP3JOM5A==</l atexit> w
<latexit sha1_base 64="2aMTcjFb5dS3Z967RYWuiV36bLw=">A AAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBg5R EBD0WvHhswX5AG8pmO2nXbjZhd6OU0F/gxY MiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut 1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJ WnYBqFFxi03AjsJMopFEgsB2Mb2d++xGV5r G8N5ME/YgOJQ85o8ZKjad+ueJW3TnIKvFyU oEc9X75qzeIWRqhNExQrbuemxg/o8pwJnBa 6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsi UNmau/JzIaaT2JAtsZUTPSy95M/M/rpia88 TMuk9SgZItFYSqIicnsazLgCpkRE0soU9ze StiIKsqMzaZkQ/CWX14lrcuq51a9xlWldp HHUYQTOIVz8OAaanAHdWgCA4RneIU358F5c d6dj0VrwclnjuEPnM8f3heM5Q==</latexi t><latexit sha1_base 64="2aMTcjFb5dS3Z967RYWuiV36bLw=">A AAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBg5R EBD0WvHhswX5AG8pmO2nXbjZhd6OU0F/gxY MiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut 1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJ WnYBqFFxi03AjsJMopFEgsB2Mb2d++xGV5r G8N5ME/YgOJQ85o8ZKjad+ueJW3TnIKvFyU oEc9X75qzeIWRqhNExQrbuemxg/o8pwJnBa 6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsi UNmau/JzIaaT2JAtsZUTPSy95M/M/rpia88 TMuk9SgZItFYSqIicnsazLgCpkRE0soU9ze StiIKsqMzaZkQ/CWX14lrcuq51a9xlWldp HHUYQTOIVz8OAaanAHdWgCA4RneIU358F5c d6dj0VrwclnjuEPnM8f3heM5Q==</latexi t><latexit sha1_base 64="2aMTcjFb5dS3Z967RYWuiV36bLw=">A AAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBg5R EBD0WvHhswX5AG8pmO2nXbjZhd6OU0F/gxY MiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut 1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJ WnYBqFFxi03AjsJMopFEgsB2Mb2d++xGV5r G8N5ME/YgOJQ85o8ZKjad+ueJW3TnIKvFyU oEc9X75qzeIWRqhNExQrbuemxg/o8pwJnBa 6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsi UNmau/JzIaaT2JAtsZUTPSy95M/M/rpia88 TMuk9SgZItFYSqIicnsazLgCpkRE0soU9ze StiIKsqMzaZkQ/CWX14lrcuq51a9xlWldp HHUYQTOIVz8OAaanAHdWgCA4RneIU358F5c d6dj0VrwclnjuEPnM8f3heM5Q==</latexi t><latexit sha1_base 64="2aMTcjFb5dS3Z967RYWuiV36bLw=">A AAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBg5R EBD0WvHhswX5AG8pmO2nXbjZhd6OU0F/gxY MiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut 1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJ WnYBqFFxi03AjsJMopFEgsB2Mb2d++xGV5r G8N5ME/YgOJQ85o8ZKjad+ueJW3TnIKvFyU oEc9X75qzeIWRqhNExQrbuemxg/o8pwJnBa 6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsi UNmau/JzIaaT2JAtsZUTPSy95M/M/rpia88 TMuk9SgZItFYSqIicnsazLgCpkRE0soU9ze StiIKsqMzaZkQ/CWX14lrcuq51a9xlWldp HHUYQTOIVz8OAaanAHdWgCA4RneIU358F5c d6dj0VrwclnjuEPnM8f3heM5Q==</latexi t>P1
<latexit sha 1_base64="9tf7V3eatYHq Wqpqbt8EdMxxCRQ=">AAAB 6nicbVA9SwNBEJ2LXzF+RS 1tFoNgFfZE0DJgYxnRxEBy hL3NXrJkb+/YnRPCkZ9gY6G Irb/Izn/jJrlCEx8MPN6bY WZemCppkdJvr7S2vrG5Vd6 u7Ozu7R9UD4/aNskMFy2eq MR0QmaFklq0UKISndQIFodK PIbjm5n/+CSMlYl+wEkqgp gNtYwkZ+ik+2bf71drtE7n IKvEL0gNCjT71a/eIOFZLD Ryxazt+jTFIGcGJVdiWull VqSMj9lQdB3VLBY2yOenTsm ZUwYkSowrjWSu/p7IWWztJ A5dZ8xwZJe9mfif180wug5 yqdMMheaLRVGmCCZk9jcZS CM4qokjjBvpbiV8xAzj6NKp uBD85ZdXSfui7tO6f3dZa9 AijjKcwCmcgw9X0IBbaEIL OAzhGV7hzVPei/fufSxaS1 4xcwx/4H3+AMlHjWY=</la texit><latexit sha 1_base64="9tf7V3eatYHq Wqpqbt8EdMxxCRQ=">AAAB 6nicbVA9SwNBEJ2LXzF+RS 1tFoNgFfZE0DJgYxnRxEBy hL3NXrJkb+/YnRPCkZ9gY6G Irb/Izn/jJrlCEx8MPN6bY WZemCppkdJvr7S2vrG5Vd6 u7Ozu7R9UD4/aNskMFy2eq MR0QmaFklq0UKISndQIFodK PIbjm5n/+CSMlYl+wEkqgp gNtYwkZ+ik+2bf71drtE7n IKvEL0gNCjT71a/eIOFZLD Ryxazt+jTFIGcGJVdiWull VqSMj9lQdB3VLBY2yOenTsm ZUwYkSowrjWSu/p7IWWztJ A5dZ8xwZJe9mfif180wug5 yqdMMheaLRVGmCCZk9jcZS CM4qokjjBvpbiV8xAzj6NKp uBD85ZdXSfui7tO6f3dZa9 AijjKcwCmcgw9X0IBbaEIL OAzhGV7hzVPei/fufSxaS1 4xcwx/4H3+AMlHjWY=</la texit><latexit sha 1_base64="9tf7V3eatYHq Wqpqbt8EdMxxCRQ=">AAAB 6nicbVA9SwNBEJ2LXzF+RS 1tFoNgFfZE0DJgYxnRxEBy hL3NXrJkb+/YnRPCkZ9gY6G Irb/Izn/jJrlCEx8MPN6bY WZemCppkdJvr7S2vrG5Vd6 u7Ozu7R9UD4/aNskMFy2eq MR0QmaFklq0UKISndQIFodK PIbjm5n/+CSMlYl+wEkqgp gNtYwkZ+ik+2bf71drtE7n IKvEL0gNCjT71a/eIOFZLD Ryxazt+jTFIGcGJVdiWull VqSMj9lQdB3VLBY2yOenTsm ZUwYkSowrjWSu/p7IWWztJ A5dZ8xwZJe9mfif180wug5 yqdMMheaLRVGmCCZk9jcZS CM4qokjjBvpbiV8xAzj6NKp uBD85ZdXSfui7tO6f3dZa9 AijjKcwCmcgw9X0IBbaEIL OAzhGV7hzVPei/fufSxaS1 4xcwx/4H3+AMlHjWY=</la texit><latexit sha 1_base64="9tf7V3eatYHq Wqpqbt8EdMxxCRQ=">AAAB 6nicbVA9SwNBEJ2LXzF+RS 1tFoNgFfZE0DJgYxnRxEBy hL3NXrJkb+/YnRPCkZ9gY6G Irb/Izn/jJrlCEx8MPN6bY WZemCppkdJvr7S2vrG5Vd6 u7Ozu7R9UD4/aNskMFy2eq MR0QmaFklq0UKISndQIFodK PIbjm5n/+CSMlYl+wEkqgp gNtYwkZ+ik+2bf71drtE7n IKvEL0gNCjT71a/eIOFZLD Ryxazt+jTFIGcGJVdiWull VqSMj9lQdB3VLBY2yOenTsm ZUwYkSowrjWSu/p7IWWztJ A5dZ8xwZJe9mfif180wug5 yqdMMheaLRVGmCCZk9jcZS CM4qokjjBvpbiV8xAzj6NKp uBD85ZdXSfui7tO6f3dZa9 AijjKcwCmcgw9X0IBbaEIL OAzhGV7hzVPei/fufSxaS1 4xcwx/4H3+AMlHjWY=</la texit>
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<latexit sha1_base64="R ArXQW7gBjC/XkRkBmmecnZACic=">AAAB6nicbVBNS8N AEJ3Ur1q/qh69LBbBU0mKoMeCF48R7Qe0oWy2k3bpZhN 2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZemAqujet +O6WNza3tnfJuZW//4PCoenzS1kmmGLZYIhLVDalGwSW2 DDcCu6lCGocCO+Hkdu53nlBpnshHM00xiOlI8ogzaqz0 4A8ag2rNrbsLkHXiFaQGBfxB9as/TFgWozRMUK17npua IKfKcCZwVulnGlPKJnSEPUsljVEH+eLUGbmwypBEibIl DVmovydyGms9jUPbGVMz1qveXPzP62UmuglyLtPMoGTLR VEmiEnI/G8y5AqZEVNLKFPc3krYmCrKjE2nYkPwVl9eJ +1G3XPr3v1VrekWcZThDM7hEjy4hibcgQ8tYDCCZ3iFN 0c4L86787FsLTnFzCn8gfP5A8rLjWc=</latexit><latexit sha1_base64="R ArXQW7gBjC/XkRkBmmecnZACic=">AAAB6nicbVBNS8N AEJ3Ur1q/qh69LBbBU0mKoMeCF48R7Qe0oWy2k3bpZhN 2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZemAqujet +O6WNza3tnfJuZW//4PCoenzS1kmmGLZYIhLVDalGwSW2 DDcCu6lCGocCO+Hkdu53nlBpnshHM00xiOlI8ogzaqz0 4A8ag2rNrbsLkHXiFaQGBfxB9as/TFgWozRMUK17npua IKfKcCZwVulnGlPKJnSEPUsljVEH+eLUGbmwypBEibIl DVmovydyGms9jUPbGVMz1qveXPzP62UmuglyLtPMoGTLR VEmiEnI/G8y5AqZEVNLKFPc3krYmCrKjE2nYkPwVl9eJ +1G3XPr3v1VrekWcZThDM7hEjy4hibcgQ8tYDCCZ3iFN 0c4L86787FsLTnFzCn8gfP5A8rLjWc=</latexit><latexit sha1_base64="R ArXQW7gBjC/XkRkBmmecnZACic=">AAAB6nicbVBNS8N AEJ3Ur1q/qh69LBbBU0mKoMeCF48R7Qe0oWy2k3bpZhN 2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZemAqujet +O6WNza3tnfJuZW//4PCoenzS1kmmGLZYIhLVDalGwSW2 DDcCu6lCGocCO+Hkdu53nlBpnshHM00xiOlI8ogzaqz0 4A8ag2rNrbsLkHXiFaQGBfxB9as/TFgWozRMUK17npua IKfKcCZwVulnGlPKJnSEPUsljVEH+eLUGbmwypBEibIl DVmovydyGms9jUPbGVMz1qveXPzP62UmuglyLtPMoGTLR VEmiEnI/G8y5AqZEVNLKFPc3krYmCrKjE2nYkPwVl9eJ +1G3XPr3v1VrekWcZThDM7hEjy4hibcgQ8tYDCCZ3iFN 0c4L86787FsLTnFzCn8gfP5A8rLjWc=</latexit><latexit sha1_base64="R ArXQW7gBjC/XkRkBmmecnZACic=">AAAB6nicbVBNS8N AEJ3Ur1q/qh69LBbBU0mKoMeCF48R7Qe0oWy2k3bpZhN 2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZemAqujet +O6WNza3tnfJuZW//4PCoenzS1kmmGLZYIhLVDalGwSW2 DDcCu6lCGocCO+Hkdu53nlBpnshHM00xiOlI8ogzaqz0 4A8ag2rNrbsLkHXiFaQGBfxB9as/TFgWozRMUK17npua IKfKcCZwVulnGlPKJnSEPUsljVEH+eLUGbmwypBEibIl DVmovydyGms9jUPbGVMz1qveXPzP62UmuglyLtPMoGTLR VEmiEnI/G8y5AqZEVNLKFPc3krYmCrKjE2nYkPwVl9eJ +1G3XPr3v1VrekWcZThDM7hEjy4hibcgQ8tYDCCZ3iFN 0c4L86787FsLTnFzCn8gfP5A8rLjWc=</latexit>
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Fig. 5: Getting a valid si − w − ti path for undirected graph
G from invalid path in directed graph G′ in Proposition 2.
amount of flow from si to ti as the flow from w to si in G′
(note we do not actually need to explicitly construct that flow
in G as we just care about νwmax). Concretely, commodity i
sends in G the same number of flow units as w sends to si
(or ti) in G′. Obviously, the value of the constructed w-flow
in G is half that in G′, thus for the maximum w-flow in G
we must have that V∗ ≤ 2 · νwmax.
Finally, given that (i) the constraints of the LP have a size
that is polynomial in |V | and |E|, and (ii) the constraint
matrix of the LP only contains entries −1, 0, 1, we deduce
that computing the maximum s−w− t flow in an undirected
graph can be solved in strongly polynomial time [47].
An alternative type of undirected flow. We previously
considered that the flow in undirected networks can pass an
edge twice, albeit in different directions. What if we only
permit end-to-end paths that can pass an edge at most once in
any direction?
To this end, we first review a major result for the k-disjoint
path (kDP) problem from the theory of graph minors by
Robertson and Seymour [45].
Theorem 2 (kDP Problem). Given a graph G = (V,E) and k
pairs (s1, t1), . . . , (sk, tk) of vertices of G, the kDP problem of
deciding whether there exist pairwise vertex-disjoint or edge-
disjoint paths P1, . . . , Pk such that Pi connects si and ti (1 ≤
i ≤ k) is in P, when k is fixed and not part of the input [45].
When k is part of the input, both the vertex-disjoint and edge-
disjoint decision problems are NP-complete [12], [33].
Note that even though the kDP problem is in P, the algo-
rithm is not practically feasible, since it involves the manipu-
lation of enormous constants [45]. Given that the computation
of a s − w − t path in undirected graphs is polynomially
computable (despite the enormous constants involved), it is
worthwhile to explore whether we can use this result in
conjunction with the augmenting path algorithm.
Remark 4. We argue that the augmenting path algorithm
cannot be directly used to compute the maximum s − w − t
flow when using end-to-end paths that cannot traverse the
same edge twice (in different directions). Consider for example
the undirected graph of Figure 6 where all undirected edges
have infinite capacity except for edges (v, w) and (w, x) with
capacity 2. We can initially construct a flow of 2 units using the
end-to-end augmenting path s→ v → w → x→ t. But once
we do that it is not possible to find other augmenting s−w−t
paths that can strictly increase the w-flow, so the algorithm
returns a flow through w of 2 units. Nevertheless, there is a
higher w-flow of 3 units, which sends one unit of flow along
each of the following end-to-end paths: s→ v → w → x→ t,
s→ u→ v → w → t, and s→ x→ w → t.
It is an open question whether a polynomial algorithm exists
for this second type of undirected w-flow or not.
𝑠 𝑡𝑤
𝑢
𝑣 𝑥2 2
Fig. 6: Undirected Graph for Remark 4.
C. Extending to Many Middlepoints
We conclude this section with a last remark. So far we
have discussed node-constrained TE where the traffic has to
go through a specific node w. This is mostly for analytical
convenience. What about the general case where the traffic
can go through at least one node from a set of more than
one middlepoints? Obviously, for directed graphs the problem
remains NP-hard. For undirected graphs, it is possible to show
that when the number of nodes is fixed and not part of the
input, then TE remains strongly polynomial. Indeed, we can
generalize the proof of Proposition 2 by assuming k nodes
w1, . . . , wk and constructing the same directed graph G′. We
can then show similar to Proposition 2 that the maximum
multi-commodity flow that goes through at least one node in
the set {w1, . . . , wk} is equal to half the maximum multi-
commodity flow from the sources wi, 1 ≤ i ≤ k, to their
common destination z in the constructed directed graph G′.
We thus rigorously establish that node-constrained TE is NP-
hard and difficult to solve in general, as most TE problems
use directed graphs to model bidirectional links and traffic.
IV. NODE-CONSTRAINED TRAFFIC ENGINEERING
WITH SHORTEST PATHS
The previous section shows that general node-constrained
TE is NP-hard in directed graphs. We now consider variants
of node-constrained TE where only shortest paths between two
middlepoints are used in TE, and investigate if these variants
are easier to solve. In §IV-A we formulate node-constrained
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TE with shortest paths using a fixed number of middlepoints,
and show that it is weakly polynomial. In this sense, our results
provide for the first time a theoretical foundation for existing
work that focuses on shortest path based segment routing [4],
[27].5 Given that TE with shortest paths may result in end-
to-end paths that contain cycles, in §IV-B we study a more
specific variant of acyclic node-constrained TE with shortest
paths, and show that it is generally NP-hard. Note that in this
section we focus on directed graphs, since segment routing
typically considers directed graphs to model network traffic.
A. Variant with Shortest Paths
Assume K middlepoints in total with a specific ordering,
where 1 ≤ K ≤ |V |. We assume that each end-to-end path
can use up to M ≤ K of these middlepoints respecting the
ordering as the K input middlepoints. Note that prior works
typically assume small values of M ; for instance M can be
as small as 1, in which case each end to end path consists
of 2 segments [4]. For a segment s ∈ S between an ingress
node and a middlepoint, two middlepoints, or a middlepoint
and an egress node, there are multiple paths in general. We
assume, for simplicity, that routing is done by ECMP over
all shortest paths of a segment. ECMP routes a flow based
on static hashing of the five tuples in the packet header, and
in general can distribute traffic evenly when the number of
flows is large. This is consistent with prior work [4]. We use
Ti to denote the complete set of logical tunnels formed by
segments in S that can be used for commodity i, with up to
M middlepoints. A tunnel involves only ingress/egress switch,
and the intermediate middlepoints. This can be constructed
offline efficiently.
Let Gt,s denote if a tunnel t uses segment s or not, and
Ip,e denote if path p uses link e or not. Furthermore, let Pˆs be
the set of all shortest paths for segment s, and fi(t) represent
the flow in tunnel t for commodity i. The split ratio xi,t for
i on tunnel t is defined as the ratio xi,t =
fi(t)∑
t∈Ti fi(t)
. The
node-constrained TELU problem with shortest paths can be
formulated similar to §II-C, where the set of paths Pi for
commodity i is now replaced by the set of logical tunnels Ti:
min θ (19)
s.t.
L∑
i=1
∑
t∈Ti
∑
s∈St
∑
p∈Pˆs
fi(t)
Ip,e
|Pˆs|
≤ θ · c(e),∀e ∈ E, (20)
0 ≤ fi(t),∀i ∈ {1, . . . , L}, t ∈ Ti, (21)∑
t∈Ti
fi(t) ≥ Di,∀i ∈ {1, . . . , L}. (22)
The capacity constraint (20) indicates that the total traffic
routed to link e from across all flows, tunnels, segments, and
shortest paths, cannot exceed θ times the link capacity. Since
ECMP is used for routing within any segment s, each shortest
path p of segment s receives flow equal to fi(t)|Pˆs| . Regarding
5We emphasize that the problem of determining an optimal set of middle-
points of a given size in segment routing is hard, and a large part of the prior
literature on segment routing has tried to address that question. However, this
problem is out of the scope of this work.
the TE asymptotic complexity, we have the following result
when M is fixed and not part of the input:
Proposition 3. For fixed M with respect to the input graph
G, the TELU problem described by (19)-(22) can be solved
in weakly polynomial time.
Proof. The number of commodities L cannot exceed |V | ·
(|V | − 1), and the number |Ti| of tunnels per commodity i
is upper bounded by
(
K
0
)
+ · · · + (KM), where K ≤ |V |. For
fixed M w.r.t. the input graph G, |Ti| has polynomial size
w.r.t the graph. Finally, the number St of segments per tunnel
cannot exceed K+1 ≤ |V |+1, since a tunnel can use at most
all K middlepoints. For the inner sum
∑
p∈Pˆs
Ip,e
|Pˆs| , note that it
basically denotes the percentage of shortest paths for segment
s that use link e. This percentage naturally appears in the
definition of betweenness centrality [6], and we can compute
it in polynomial time by using the techniques therein.6
Thus, we have proved that for fixed M , the LP has a
polynomial number of variables, and a polynomial number of
constraints whose coefficients can be computed in polynomial
time. The proposition then immediately follows by standard
results in linear programming [32], [34].
Given the connection between TEMF and TELU , we
can similarly show that TEMF can be solved in weakly
polynomial time. As we observed, the TE problem is naturally
related to the betweenness centrality that we discuss in §VI-B.
Thus, constraint (20) reveals interesting connections between
the popular centrality metric and node-constrained TE with
shortest paths.
Note that the TE is not polynomial just for the specific
setting where there are K middlepoints and each logical path
can use up to M of them. In particular, it remains polynomial
if we constrain each logical path to contain all K middlepoints
in the same order (instead of up to M ), where K can be as
large as |V |. Interestingly, even this simple variant can become
NP-hard if we impose simple constraints, as we show next.
B. Acyclic Variant with Shortest Paths
One challenge with node-constrained TE with shortest paths
is that it may produce source-destination paths with edge
repetitions, i.e., walks. Even in the case of just one middlepoint
per path, it is possible that a (simple) shortest path from the
source s to a middlepoint M shares an edge e with a shortest
path from M to the destination d. So, even though the paths
for any given segment are simple, the resulting s − d path
may not even be a path. This may reduce the performance of
TE, because it increases the link load on the reused edges and
may lead to higher link utilization. Figure 7 depicts a directed
graph with n > 2, where the shortest path from w to t is
w − u1 − u2 − t. The shortest paths from s to w and w to t
trivially overlap, since they share the edge u1 − u2.
In that case a natural question arises: what if we consider
node-constrained TE with shortest paths, under the condition
6Even though the number of shortest paths between two nodes can be
exponential, the percentage of shortest paths that go through a specific node is
polynomially computable. This is why betweenness centrality is polynomially
computable [6].
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Fig. 7: Cycle in shortest-path based segment routing.
that the resulting walk from the source to the destination is a
path or even a simple path? As our subsequent analysis shows,
traffic engineering generally becomes NP-hard, even for just
one commodity, and even in the special case where the traffic
must use all middlepoints in the input order. To prove this
fact, we first introduce the following fundamental result due
to Eilam-Tzoreff [9].
Theorem 3 (NP-hardness of kDSP [9]). Given a graph G =
(V,E) and k pairs of distinct vertices (ui, vi), 1 ≤ i ≤ k,
the kDSP problem of computing k pairwise disjoint shortest
paths Pi between ui and vi is NP-complete, when k is part of
the input. This result holds for all four versions of the kDSP
problem, namely, node or edge-disjoint paths for directed or
undirected graphs.
Proposition 4. The TEMF and TELU problems in a directed
graph with K middlepoints (1) using only shortest paths and
(2) only allowing paths or simple paths from a source to a
destination that use all middlepoints are NP-hard, even for
just one commodity, when K is part of the input.
Proof sketch. We can show the statement by making similar
arguments as for general node-constrained TE in §III. For
TEMF , the idea is to first show that we can solve kDSP if and
only if we can solve the corresponding TEMF formulation.
Indeed, assume a directed graph G = (V,E), two distinct
nodes s, t in V , and K distinct nodes s 6= Mi 6= t in V ,
1 ≤ i ≤ K. Consider we do node-constrained routing from
s to t using nodes Mi as our K middlepoints. We will show
that the TEMF problem is NP-hard by a reduction from the
kDSP problem.
Concretely, assume for instance the kDSP node-disjoint
problem in Theorem 3. We construct a new graph G′ as
follows. For each i, 1 ≤ i ≤ K − 1, we introduce a new
node Mi along with the two directed edges eiin = (vi,Mi)
and eiout = (Mi, ui+1). Moreover, we associate each edge in
G′ with a unit capacity, and we assume the single commodity
(s, t) with source s = u1 and destination t = vK . We now
argue that there are K node-disjoint shortest paths between
ui and vi, if and only if TEMF with the single commodity
(s, t) and the K − 1 middlepoints M1, . . . ,MK−1 accepts a
positive solution.
This can be proven using similar techniques as in §IV-B.
The only difference is that an edge-cut now corresponds to a
set of edges whose removal results in no path (or simple path)
using shortest paths from the source to the destination through
the middlepoints. NP-hardness for TELU follows immediately
by Lemma 1, in a similar spirit as Corollary 1.
Proposition 4 assumes that the number of middlepoints K
is part of the input since in general we can have up to |V |
middlepoints. What about the case when k is fixed? When
k = 2, [9] provides a polynomial algorithm for the undirected
case of kDSP, whereas the complexity for the directed case
when k = 2 remains open7. On the other hand, only few partial
results are known when k is fixed and greater than 2 [3].
V. APPLICATION TO FLOW CENTRALITY
Having studied various node-constrained TE formulations,
in this section we move to another fundamental and practical
question: how to actually select the middlepoints that lead
to good TE performance in the first place? We draw upon
a concept called flow centrality from graph theory as an
intuitive solution approach. Flow centrality, first introduced
by Freeman et al. [21], characterizes a node’s significance in
terms of the maximum flow that can go through that node in
the underlying flow network. Flow centrality is closely related
to node-constrained TE for two reasons. First, it involves by
definition node-constrained traffic. Second, flow centrality and
its group extension answer the question of how to select the
middlepoints in the general node-constrained TE (§III), in
order to maximize the traffic through these points. Note that
flow centrality is naturally related to the first TE type TEMF ,
since it cares about the maximum flow objective.
The rest of this section is organized as follows. We provide
two flow centrality definitions for single- and multi-commodity
flow networks and discuss their computational complexity in
§V-A. Furthermore, we introduce and analyze the group flow
centrality and N -group maximum flow in §V-B, and show that
unlike other common graph centralities it does not fall under
the framework of submodular function maximization.
A. Flow Centrality
The original flow centrality [21] of a node w ∈ V in a flow
network G = (V,E, c) is:
γ(w) =
∑
s′,t′∈V−{w}|s′ 6=t′
νwmax(s
′, t′)
∑
s′,t′∈V−{w}|s′ 6=t′
νmax(s′, t′)
, (23)
where νmax(s′, t′) is the maximum flow in the single-
commodity flow network with commodity (s′, t′), and
νwmax(s
′, t′) is the maximum flow through node w in the
single-commodity flow network with commodity (s′, t′). Thus,
the flow centrality of node w represents the percentage of the
maximum flow that can go through w for a demand chosen
uniformly at random.
For multi-commodity networks with given commodities, we
introduce an alternative definition:
γ˜(w) =
νwmax(s, t)
νmax(s, t)
, (24)
which denotes the ratio of the maximum multi-commodity
flow νwmax(s, t) that can go through node w to the maximum
multi-commodity flow, assuming we are given (s, t).
7The problem appears to have been answered in the affirmative in [3], when
the length of each edge is positive.
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The basic difference in the two definitions is that the former
considers equiprobably all possible source-destination pairs,
while the latter focuses on the actual commodities in the flow
network. Thus, the former is based on the single-commodity
formulation, and the latter on the multi-commodity one.
For directed graphs, we show:
Proposition 5. Given a flow network G = (V,E, c) with
directed edges and a node w ∈ V , it is NP-hard to compute
γ(w) or γ˜(w).
Proof. For the first statement, our strategy will be to show
that computing γ(w) cannot be less hard than computing
νwmax(s, t), for any source-destination pair (s, t) with s 6= t
and s, t 6= w. This, in turn, establishes NP-hardness for
γ(w). For convenience, we introduce the shorthand notation
Sw(G) = ∑
s′,t′∈V−{w}|s′ 6=t′
νwmax(s
′, t′) to represent the nu-
merator for G.
In this direction, we consider the new flow network Gsˆ,
which we construct from G by introducing a new node sˆ
and a directed edge from sˆ to s with capacity equal to the
sum of capacities of outgoing edges from s, i.e. c((sˆ, s)) =∑
e=(s,v)∈E
c(e). We now consider the quantity Sw(Gsˆ) for the
new flow network Gsˆ. Gsˆ contains the same source-destination
pairs as G, plus pairs of the form (sˆ, t′),∀t′ ∈ V . The reason
is that node sˆ can only act as a source but not a destination
for nodes in G. As a result, we get:
Sw(Gsˆ) = Sw(G) +
∑
t′∈V
νwmax(sˆ, t
′). (25)
Next, we consider in a similar fashion the flow network Gtˆ,
which we construct from G by introducing a new node tˆ
and a directed edge from t to tˆ with capacity equal to to
the sum of capacities of incoming edges to t, i.e. c((t, tˆ)) =∑
e=(v,t)∈E
c(e). We then proceed as before to show:
Sw(Gtˆ) = Sw(G) +
∑
s′∈V
νwmax(s
′, tˆ). (26)
Finally, we consider the flow network Gtˆsˆ, which we con-
struct from G by applying both steps described above for
Gsˆ and Gtˆ. The various graph constructions are illustrated
in Figure 8. Let’s now focus on Sw(Gtˆsˆ). This quantity will
contain the source destination pairs (i) within G, (ii) from sˆ
to nodes in G, (iii) from tˆ to nodes in G, and (iv) from sˆ to tˆ.
But (iv) is precisely the same as from s to t due to the value
of capacities of the new edges we introduced. Thus, we can
write:
Sw(Gtˆsˆ) = Sw(G) +
∑
t′∈V
νwmax(sˆ, t
′)
+
∑
s′∈V
νwmax(s
′, tˆ) + νwmax(s, t). (27)
Combining (25), (26), (27), we get:
νwmax(s, t) = Sw(Gtˆsˆ)− Sw(Gsˆ)− Sw(Gtˆ) + Sw(G). (28)
(28) suggests that computing γ(w) (and in turn Sw) cannot
be less hard than computing νwmax(s, t), since being able to
s w t
G
sˆ tˆs
Gˆ
tG
ˆ
t
s
G
ˆ
ˆ
Fig. 8: Illustration of Proposition 5.
compute the former implies that we can easily compute the
latter via (28), which only involves polynomial-time construc-
tions. Given it is NP-hard to compute νwmax by Proposition 1,
computing γ(w) is also NP-hard.
For the second statement, note again that γ˜(w) is a fraction
of two terms. The denominator can be computed in strongly
polynomial time [47]. If γ˜(w) were polynomially computable,
then we could compute νwmax in strongly polynomial time as
the product of γ˜(w) and νmax, which is a contradiction since
by Proposition 1 it is NP-hard to compute νwmax.
For undirected graphs, we can similarly prove that:
Corollary 2. Given a flow network G = (V,E, c) with
undirected edges and a node w ∈ V , we can compute the
flow centrality γ(w) in Equation (23) or the flow centrality
γ˜(w) in Equation (24) in strongly polynomial time.
Proof. It follows immediately from the fact that νwmax(s, t) is
strongly polynomially computable in undirected graphs.
B. Group Flow Centrality and N -Group Maximum Flow
In this section, we introduce the concept of multi-
commodity group flow centrality, which is a generalization
of the multi-commodity flow centrality γ˜ through node w in
Equation (24) to a group of nodes C. In this work, we focus on
the group extension of γ˜ since in many practical applications
we are given the commodities and must decide on a good
set of nodes to select as middlepoints. Similar definitions
exist in prior work on graph centrality; for instance, group
betweenness centrality [13] naturally generalizes betweenness
centrality [22] to a group of nodes. Group flow centrality is
based on the concept of group maximum flow.
Definition 3. The group multi-commodity maximum flow GF :
2V → R≥0 in a multi-commodity flow network with commodi-
ties (s, t) is a function which, for any group of nodes C ⊆ V ,
returns the maximum multi-commodity flow νCmax(s, t) that
can go through any node in C, i.e. GF(C) = νCmax(s, t).
Definition 4. The group flow centrality of a group C ⊆ V in
a multi-commodity flow network is defined as:
γ˜(C) =
νCmax(s, t)
νmax(s, t)
. (29)
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The group flow centrality represents the percentage of the
maximum multi-commodity flow that goes through any node
in group C for a given set of demands. It is obviously NP-hard
for directed graphs as a generalization of the γ˜ flow centrality
which is NP-hard by Corollary 2. But then the group flow
centrality is also NP-hard for directed graphs by Equation (29).
An important question concerns the selection of a group
of nodes of at most a given size which achieves the largest
possible maximum flow, or, equivalently, maximizes the group
flow centrality. For this purpose, we introduce the N -group
maximum multi-commodity flow with N ∈ N+:
GFN = max
C⊆V :|C|≤N
νCmax(s, t). (30)
For single-commodity networks, the question is trivial since
we can always put the source into the set C, but the problem
turns out to be NP-hard in directed multi-commodity networks.
Proposition 6. The N -group maximum multi-commodity flow
is NP-hard for directed graphs.
Proof. We prove NP-hardness by reduction from the maxi-
mum coverage problem (MCP) [41], which is NP-hard. As-
sume a set of m items I = {i1, . . . , im} and a collection of
n sets S = {S1, . . . , Sn}, where each Si contains elements
from I . Given a positive integer N ≤ n, the MCP tries to
select a subset of S′ ⊆ S of cardinality |S′| ≤ N such that the
maximum number of elements are covered, i.e. the union of the
selected sets has maximal size. We can reduce the MCP to the
N -group maximum single-commodity flow by constructing a
directed graph G = (M, E) as follows. M contains a pair of
nodes zj and uj for each item ij that appears in I , and one
node vk for each set Sk. We denote the set of nodes zj as
Z, the set of nodes uj as U , and the set of nodes vk as V ,
so that M = Z ∪ U ∪ V . We introduce m edges of the form
(zj , uj), j = {1, . . . ,m}. We add edge (uj , vk), if and only if
set Sk contains item ij . All edges have a capacity of 1. Finally,
for each pair (ij , vk) with the property that set Sk contains
item ij , we consider a commodity (zj , vk) with source zj and
destination vk. Thus, we add commodity (zj , vk), if and only if
the graph contains edge (uj , vk). All commodities have infinite
demand. The polynomial construction is depicted in Figure 9.
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<latexit sha1_base64="yKc 20qWGh+5pvkWCtHS NUPLa7iY=">AAAB6 nicbVBNS8NAEJ3Ur 1q/qh69LBZBPJREC nosePFY0X5AG8pmO 2nXbjZhdyOU0J/gx YMiXv1F3vw3btsct PXBwOO9GWbmBYng2 rjut1NYW9/Y3Cpul 3Z29/YPyodHLR2ni mGTxSJWnYBqFFxi0 3AjsJMopFEgsB2Mb 2Z++wmV5rF8MJME/ YgOJQ85o8ZK92n/s V+uuFV3DrJKvJxUI EejX/7qDWKWRigNE 1Trrucmxs+oMpwJn JZ6qcaEsjEdYtdSS SPUfjY/dUrOrDIgY axsSUPm6u+JjEZaT 6LAdkbUjPSyNxP/8 7qpCa/9jMskNSjZY lGYCmJiMvubDLhCZ sTEEsoUt7cSNqKKM mPTKdkQvOWXV0nrs uq5Ve+uVqlf5HEU4 QRO4Rw8uII63EIDms BgCM/wCm+OcF6cd+ dj0Vpw8plj+APn8w dWSo2+</latexit><latexit sha1_base64="yKc 20qWGh+5pvkWCtHS NUPLa7iY=">AAAB6 nicbVBNS8NAEJ3Ur 1q/qh69LBZBPJREC nosePFY0X5AG8pmO 2nXbjZhdyOU0J/gx YMiXv1F3vw3btsct PXBwOO9GWbmBYng2 rjut1NYW9/Y3Cpul 3Z29/YPyodHLR2ni mGTxSJWnYBqFFxi0 3AjsJMopFEgsB2Mb 2Z++wmV5rF8MJME/ YgOJQ85o8ZK92n/s V+uuFV3DrJKvJxUI EejX/7qDWKWRigNE 1Trrucmxs+oMpwJn JZ6qcaEsjEdYtdSS SPUfjY/dUrOrDIgY axsSUPm6u+JjEZaT 6LAdkbUjPSyNxP/8 7qpCa/9jMskNSjZY lGYCmJiMvubDLhCZ sTEEsoUt7cSNqKKM mPTKdkQvOWXV0nrs uq5Ve+uVqlf5HEU4 QRO4Rw8uII63EIDms BgCM/wCm+OcF6cd+ dj0Vpw8plj+APn8w dWSo2+</latexit><latexit sha1_base64="yKc 20qWGh+5pvkWCtHS NUPLa7iY=">AAAB6 nicbVBNS8NAEJ3Ur 1q/qh69LBZBPJREC nosePFY0X5AG8pmO 2nXbjZhdyOU0J/gx YMiXv1F3vw3btsct PXBwOO9GWbmBYng2 rjut1NYW9/Y3Cpul 3Z29/YPyodHLR2ni mGTxSJWnYBqFFxi0 3AjsJMopFEgsB2Mb 2Z++wmV5rF8MJME/ YgOJQ85o8ZK92n/s V+uuFV3DrJKvJxUI EejX/7qDWKWRigNE 1Trrucmxs+oMpwJn JZ6qcaEsjEdYtdSS SPUfjY/dUrOrDIgY axsSUPm6u+JjEZaT 6LAdkbUjPSyNxP/8 7qpCa/9jMskNSjZY lGYCmJiMvubDLhCZ sTEEsoUt7cSNqKKM mPTKdkQvOWXV0nrs uq5Ve+uVqlf5HEU4 QRO4Rw8uII63EIDms BgCM/wCm+OcF6cd+ dj0Vpw8plj+APn8w dWSo2+</latexit><latexit sha1_base64="yKc 20qWGh+5pvkWCtHS NUPLa7iY=">AAAB6 nicbVBNS8NAEJ3Ur 1q/qh69LBZBPJREC nosePFY0X5AG8pmO 2nXbjZhdyOU0J/gx YMiXv1F3vw3btsct PXBwOO9GWbmBYng2 rjut1NYW9/Y3Cpul 3Z29/YPyodHLR2ni mGTxSJWnYBqFFxi0 3AjsJMopFEgsB2Mb 2Z++wmV5rF8MJME/ YgOJQ85o8ZK92n/s V+uuFV3DrJKvJxUI EejX/7qDWKWRigNE 1Trrucmxs+oMpwJn JZ6qcaEsjEdYtdSS SPUfjY/dUrOrDIgY axsSUPm6u+JjEZaT 6LAdkbUjPSyNxP/8 7qpCa/9jMskNSjZY lGYCmJiMvubDLhCZ sTEEsoUt7cSNqKKM mPTKdkQvOWXV0nrs uq5Ve+uVqlf5HEU4 QRO4Rw8uII63EIDms BgCM/wCm+OcF6cd+ dj0Vpw8plj+APn8w dWSo2+</latexit>
u1<latexit sha1_base64="oUj 8f6nSPY7EJZwqS+O NUu3x8Hw=">AAAB6 nicbVBNS8NAEJ3Ur 1q/qh69LBZBPJREB D0WvHisaD+gDWWz3 bRLN5uwOxFK6E/w4 kERr/4ib/4bt2kO2 vpg4PHeDDPzgkQKg 6777ZTW1jc2t8rbl Z3dvf2D6uFR28SpZ rzFYhnrbkANl0LxF gqUvJtoTqNA8k4wu Z37nSeujYjVI04T7 kd0pEQoGEUrPaQDb 1CtuXU3B1klXkFqU KA5qH71hzFLI66QS WpMz3MT9DOqUTDJZ 5V+anhC2YSOeM9SR SNu/Cw/dUbOrDIkY axtKSS5+nsio5Ex0 yiwnRHFsVn25uJ/X i/F8MbPhEpS5IotF oWpJBiT+d9kKDRnK KeWUKaFvZWwMdWUo U2nYkPwll9eJe3Lu ufWvfurWuOiiKMMJ 3AK5+DBNTTgDprQAg YjeIZXeHOk8+K8Ox +L1pJTzBzDHzifP/ /XjYU=</latexit><latexit sha1_base64="oUj 8f6nSPY7EJZwqS+O NUu3x8Hw=">AAAB6 nicbVBNS8NAEJ3Ur 1q/qh69LBZBPJREB D0WvHisaD+gDWWz3 bRLN5uwOxFK6E/w4 kERr/4ib/4bt2kO2 vpg4PHeDDPzgkQKg 6777ZTW1jc2t8rbl Z3dvf2D6uFR28SpZ rzFYhnrbkANl0LxF gqUvJtoTqNA8k4wu Z37nSeujYjVI04T7 kd0pEQoGEUrPaQDb 1CtuXU3B1klXkFqU KA5qH71hzFLI66QS WpMz3MT9DOqUTDJZ 5V+anhC2YSOeM9SR SNu/Cw/dUbOrDIkY axtKSS5+nsio5Ex0 yiwnRHFsVn25uJ/X i/F8MbPhEpS5IotF oWpJBiT+d9kKDRnK KeWUKaFvZWwMdWUo U2nYkPwll9eJe3Lu ufWvfurWuOiiKMMJ 3AK5+DBNTTgDprQAg YjeIZXeHOk8+K8Ox +L1pJTzBzDHzifP/ /XjYU=</latexit><latexit sha1_base64="oUj 8f6nSPY7EJZwqS+O NUu3x8Hw=">AAAB6 nicbVBNS8NAEJ3Ur 1q/qh69LBZBPJREB D0WvHisaD+gDWWz3 bRLN5uwOxFK6E/w4 kERr/4ib/4bt2kO2 vpg4PHeDDPzgkQKg 6777ZTW1jc2t8rbl Z3dvf2D6uFR28SpZ rzFYhnrbkANl0LxF gqUvJtoTqNA8k4wu Z37nSeujYjVI04T7 kd0pEQoGEUrPaQDb 1CtuXU3B1klXkFqU KA5qH71hzFLI66QS WpMz3MT9DOqUTDJZ 5V+anhC2YSOeM9SR SNu/Cw/dUbOrDIkY axtKSS5+nsio5Ex0 yiwnRHFsVn25uJ/X i/F8MbPhEpS5IotF oWpJBiT+d9kKDRnK KeWUKaFvZWwMdWUo U2nYkPwll9eJe3Lu ufWvfurWuOiiKMMJ 3AK5+DBNTTgDprQAg YjeIZXeHOk8+K8Ox +L1pJTzBzDHzifP/ /XjYU=</latexit><latexit sha1_base64="oUj 8f6nSPY7EJZwqS+O NUu3x8Hw=">AAAB6 nicbVBNS8NAEJ3Ur 1q/qh69LBZBPJREB D0WvHisaD+gDWWz3 bRLN5uwOxFK6E/w4 kERr/4ib/4bt2kO2 vpg4PHeDDPzgkQKg 6777ZTW1jc2t8rbl Z3dvf2D6uFR28SpZ rzFYhnrbkANl0LxF gqUvJtoTqNA8k4wu Z37nSeujYjVI04T7 kd0pEQoGEUrPaQDb 1CtuXU3B1klXkFqU KA5qH71hzFLI66QS WpMz3MT9DOqUTDJZ 5V+anhC2YSOeM9SR SNu/Cw/dUbOrDIkY axtKSS5+nsio5Ex0 yiwnRHFsVn25uJ/X i/F8MbPhEpS5IotF oWpJBiT+d9kKDRnK KeWUKaFvZWwMdWUo U2nYkPwll9eJe3Lu ufWvfurWuOiiKMMJ 3AK5+DBNTTgDprQAg YjeIZXeHOk8+K8Ox +L1pJTzBzDHzifP/ /XjYU=</latexit>z1<latexit sha1_base64="2V6 g/gvEWAxWtdUOfkg twzQBNjk=">AAAB6 nicbVBNS8NAEJ3Ur 1q/qh69LBZBPJREC nosePFY0X5AG8pmO 2mXbjZhdyPU0J/gx YMiXv1F3vw3btsct PXBwOO9GWbmBYng2 rjut1NYW9/Y3Cpul 3Z29/YPyodHLR2ni mGTxSJWnYBqFFxi0 3AjsJMopFEgsB2Mb 2Z++xGV5rF8MJME/ YgOJQ85o8ZK9099r 1+uuFV3DrJKvJxUI EejX/7qDWKWRigNE 1Trrucmxs+oMpwJn JZ6qcaEsjEdYtdSS SPUfjY/dUrOrDIgY axsSUPm6u+JjEZaT 6LAdkbUjPSyNxP/8 7qpCa/9jMskNSjZY lGYCmJiMvubDLhCZ sTEEsoUt7cSNqKKM mPTKdkQvOWXV0nrs uq5Ve+uVqlf5HEU4 QRO4Rw8uII63EIDms BgCM/wCm+OcF6cd+ dj0Vpw8plj+APn8w cHhI2K</latexit><latexit sha1_base64="2V6 g/gvEWAxWtdUOfkg twzQBNjk=">AAAB6 nicbVBNS8NAEJ3Ur 1q/qh69LBZBPJREC nosePFY0X5AG8pmO 2mXbjZhdyPU0J/gx YMiXv1F3vw3btsct PXBwOO9GWbmBYng2 rjut1NYW9/Y3Cpul 3Z29/YPyodHLR2ni mGTxSJWnYBqFFxi0 3AjsJMopFEgsB2Mb 2Z++xGV5rF8MJME/ YgOJQ85o8ZK9099r 1+uuFV3DrJKvJxUI EejX/7qDWKWRigNE 1Trrucmxs+oMpwJn JZ6qcaEsjEdYtdSS SPUfjY/dUrOrDIgY axsSUPm6u+JjEZaT 6LAdkbUjPSyNxP/8 7qpCa/9jMskNSjZY lGYCmJiMvubDLhCZ sTEEsoUt7cSNqKKM mPTKdkQvOWXV0nrs uq5Ve+uVqlf5HEU4 QRO4Rw8uII63EIDms BgCM/wCm+OcF6cd+ dj0Vpw8plj+APn8w cHhI2K</latexit><latexit sha1_base64="2V6 g/gvEWAxWtdUOfkg twzQBNjk=">AAAB6 nicbVBNS8NAEJ3Ur 1q/qh69LBZBPJREC nosePFY0X5AG8pmO 2mXbjZhdyPU0J/gx YMiXv1F3vw3btsct PXBwOO9GWbmBYng2 rjut1NYW9/Y3Cpul 3Z29/YPyodHLR2ni mGTxSJWnYBqFFxi0 3AjsJMopFEgsB2Mb 2Z++xGV5rF8MJME/ YgOJQ85o8ZK9099r 1+uuFV3DrJKvJxUI EejX/7qDWKWRigNE 1Trrucmxs+oMpwJn JZ6qcaEsjEdYtdSS SPUfjY/dUrOrDIgY axsSUPm6u+JjEZaT 6LAdkbUjPSyNxP/8 7qpCa/9jMskNSjZY lGYCmJiMvubDLhCZ sTEEsoUt7cSNqKKM mPTKdkQvOWXV0nrs uq5Ve+uVqlf5HEU4 QRO4Rw8uII63EIDms BgCM/wCm+OcF6cd+ dj0Vpw8plj+APn8w cHhI2K</latexit><latexit sha1_base64="2V6 g/gvEWAxWtdUOfkg twzQBNjk=">AAAB6 nicbVBNS8NAEJ3Ur 1q/qh69LBZBPJREC nosePFY0X5AG8pmO 2mXbjZhdyPU0J/gx YMiXv1F3vw3btsct PXBwOO9GWbmBYng2 rjut1NYW9/Y3Cpul 3Z29/YPyodHLR2ni mGTxSJWnYBqFFxi0 3AjsJMopFEgsB2Mb 2Z++xGV5rF8MJME/ YgOJQ85o8ZK9099r 1+uuFV3DrJKvJxUI EejX/7qDWKWRigNE 1Trrucmxs+oMpwJn JZ6qcaEsjEdYtdSS SPUfjY/dUrOrDIgY axsSUPm6u+JjEZaT 6LAdkbUjPSyNxP/8 7qpCa/9jMskNSjZY lGYCmJiMvubDLhCZ sTEEsoUt7cSNqKKM mPTKdkQvOWXV0nrs uq5Ve+uVqlf5HEU4 QRO4Rw8uII63EIDms BgCM/wCm+OcF6cd+ dj0Vpw8plj+APn8w cHhI2K</latexit>
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<latexit sha1_base64="PgA Y3K8tUL/qwnYQXUP XLwMrQgk=">AAAB6 nicbVBNS8NAEJ3Ur 1q/qh69LBZBPJREB D0WvHisaD+gDWWzn bRrN5uwuxFq6E/w4 kERr/4ib/4bt20O2 vpg4PHeDDPzgkRwb Vz32ymsrK6tbxQ3S 1vbO7t75f2Dpo5Tx bDBYhGrdkA1Ci6xY bgR2E4U0igQ2ApG1 1O/9YhK81jem3GCf kQHkoecUWOlu6feQ 69ccavuDGSZeDmpQ I56r/zV7ccsjVAaJ qjWHc9NjJ9RZTgTO Cl1U40JZSM6wI6lk kao/Wx26oScWKVPw ljZkobM1N8TGY20H keB7YyoGepFbyr+5 3VSE175GZdJalCy+ aIwFcTEZPo36XOFz IixJZQpbm8lbEgVZ camU7IheIsvL5Pme dVzq97tRaV2lsdRh CM4hlPw4BJqcAN1aA CDATzDK7w5wnlx3p 2PeWvByWcO4Q+czx 9d6I3D</latexit><latexit sha1_base64="PgA Y3K8tUL/qwnYQXUP XLwMrQgk=">AAAB6 nicbVBNS8NAEJ3Ur 1q/qh69LBZBPJREB D0WvHisaD+gDWWzn bRrN5uwuxFq6E/w4 kERr/4ib/4bt20O2 vpg4PHeDDPzgkRwb Vz32ymsrK6tbxQ3S 1vbO7t75f2Dpo5Tx bDBYhGrdkA1Ci6xY bgR2E4U0igQ2ApG1 1O/9YhK81jem3GCf kQHkoecUWOlu6feQ 69ccavuDGSZeDmpQ I56r/zV7ccsjVAaJ qjWHc9NjJ9RZTgTO Cl1U40JZSM6wI6lk kao/Wx26oScWKVPw ljZkobM1N8TGY20H keB7YyoGepFbyr+5 3VSE175GZdJalCy+ aIwFcTEZPo36XOFz IixJZQpbm8lbEgVZ camU7IheIsvL5Pme dVzq97tRaV2lsdRh CM4hlPw4BJqcAN1aA CDATzDK7w5wnlx3p 2PeWvByWcO4Q+czx 9d6I3D</latexit><latexit sha1_base64="PgA Y3K8tUL/qwnYQXUP XLwMrQgk=">AAAB6 nicbVBNS8NAEJ3Ur 1q/qh69LBZBPJREB D0WvHisaD+gDWWzn bRrN5uwuxFq6E/w4 kERr/4ib/4bt20O2 vpg4PHeDDPzgkRwb Vz32ymsrK6tbxQ3S 1vbO7t75f2Dpo5Tx bDBYhGrdkA1Ci6xY bgR2E4U0igQ2ApG1 1O/9YhK81jem3GCf kQHkoecUWOlu6feQ 69ccavuDGSZeDmpQ I56r/zV7ccsjVAaJ qjWHc9NjJ9RZTgTO Cl1U40JZSM6wI6lk kao/Wx26oScWKVPw ljZkobM1N8TGY20H keB7YyoGepFbyr+5 3VSE175GZdJalCy+ aIwFcTEZPo36XOFz IixJZQpbm8lbEgVZ camU7IheIsvL5Pme dVzq97tRaV2lsdRh CM4hlPw4BJqcAN1aA CDATzDK7w5wnlx3p 2PeWvByWcO4Q+czx 9d6I3D</latexit><latexit sha1_base64="PgA Y3K8tUL/qwnYQXUP XLwMrQgk=">AAAB6 nicbVBNS8NAEJ3Ur 1q/qh69LBZBPJREB D0WvHisaD+gDWWzn bRrN5uwuxFq6E/w4 kERr/4ib/4bt20O2 vpg4PHeDDPzgkRwb Vz32ymsrK6tbxQ3S 1vbO7t75f2Dpo5Tx bDBYhGrdkA1Ci6xY bgR2E4U0igQ2ApG1 1O/9YhK81jem3GCf kQHkoecUWOlu6feQ 69ccavuDGSZeDmpQ I56r/zV7ccsjVAaJ qjWHc9NjJ9RZTgTO Cl1U40JZSM6wI6lk kao/Wx26oScWKVPw ljZkobM1N8TGY20H keB7YyoGepFbyr+5 3VSE175GZdJalCy+ aIwFcTEZPo36XOFz IixJZQpbm8lbEgVZ camU7IheIsvL5Pme dVzq97tRaV2lsdRh CM4hlPw4BJqcAN1aA CDATzDK7w5wnlx3p 2PeWvByWcO4Q+czx 9d6I3D</latexit>
zm<latexit sha1_base64="OL7 IXyel3ExAqxNBKmH lqqRCSd8=">AAAB6 nicbVA9SwNBEJ2LX zF+RS1tFoMgFuFOB C0DNpYRTQwkR9jbb JIlu3vH7pwQj/wEG wtFbP1Fdv4bN8kVm vhg4PHeDDPzokQKi 77/7RVWVtfWN4qbp a3tnd298v5B08apY bzBYhmbVkQtl0LzB gqUvJUYTlUk+UM0u p76D4/cWBHrexwnP FR0oEVfMIpOunvqq m654lf9GcgyCXJSg Rz1bvmr04tZqrhGJ qm17cBPMMyoQcEkn 5Q6qeUJZSM64G1HN VXchtns1Ak5cUqP9 GPjSiOZqb8nMqqsH avIdSqKQ7voTcX/v HaK/aswEzpJkWs2X 9RPJcGYTP8mPWE4Q zl2hDIj3K2EDamhD F06JRdCsPjyMmmeV wO/GtxeVGpneRxFO IJjOIUALqEGN1CHBj AYwDO8wpsnvRfv3f uYtxa8fOYQ/sD7/A FidI3G</latexit><latexit sha1_base64="OL7 IXyel3ExAqxNBKmH lqqRCSd8=">AAAB6 nicbVA9SwNBEJ2LX zF+RS1tFoMgFuFOB C0DNpYRTQwkR9jbb JIlu3vH7pwQj/wEG wtFbP1Fdv4bN8kVm vhg4PHeDDPzokQKi 77/7RVWVtfWN4qbp a3tnd298v5B08apY bzBYhmbVkQtl0LzB gqUvJUYTlUk+UM0u p76D4/cWBHrexwnP FR0oEVfMIpOunvqq m654lf9GcgyCXJSg Rz1bvmr04tZqrhGJ qm17cBPMMyoQcEkn 5Q6qeUJZSM64G1HN VXchtns1Ak5cUqP9 GPjSiOZqb8nMqqsH avIdSqKQ7voTcX/v HaK/aswEzpJkWs2X 9RPJcGYTP8mPWE4Q zl2hDIj3K2EDamhD F06JRdCsPjyMmmeV wO/GtxeVGpneRxFO IJjOIUALqEGN1CHBj AYwDO8wpsnvRfv3f uYtxa8fOYQ/sD7/A FidI3G</latexit><latexit sha1_base64="OL7 IXyel3ExAqxNBKmH lqqRCSd8=">AAAB6 nicbVA9SwNBEJ2LX zF+RS1tFoMgFuFOB C0DNpYRTQwkR9jbb JIlu3vH7pwQj/wEG wtFbP1Fdv4bN8kVm vhg4PHeDDPzokQKi 77/7RVWVtfWN4qbp a3tnd298v5B08apY bzBYhmbVkQtl0LzB gqUvJUYTlUk+UM0u p76D4/cWBHrexwnP FR0oEVfMIpOunvqq m654lf9GcgyCXJSg Rz1bvmr04tZqrhGJ qm17cBPMMyoQcEkn 5Q6qeUJZSM64G1HN VXchtns1Ak5cUqP9 GPjSiOZqb8nMqqsH avIdSqKQ7voTcX/v HaK/aswEzpJkWs2X 9RPJcGYTP8mPWE4Q zl2hDIj3K2EDamhD F06JRdCsPjyMmmeV wO/GtxeVGpneRxFO IJjOIUALqEGN1CHBj AYwDO8wpsnvRfv3f uYtxa8fOYQ/sD7/A FidI3G</latexit><latexit sha1_base64="OL7 IXyel3ExAqxNBKmH lqqRCSd8=">AAAB6 nicbVA9SwNBEJ2LX zF+RS1tFoMgFuFOB C0DNpYRTQwkR9jbb JIlu3vH7pwQj/wEG wtFbP1Fdv4bN8kVm vhg4PHeDDPzokQKi 77/7RVWVtfWN4qbp a3tnd298v5B08apY bzBYhmbVkQtl0LzB gqUvJUYTlUk+UM0u p76D4/cWBHrexwnP FR0oEVfMIpOunvqq m654lf9GcgyCXJSg Rz1bvmr04tZqrhGJ qm17cBPMMyoQcEkn 5Q6qeUJZSM64G1HN VXchtns1Ak5cUqP9 GPjSiOZqb8nMqqsH avIdSqKQ7voTcX/v HaK/aswEzpJkWs2X 9RPJcGYTP8mPWE4Q zl2hDIj3K2EDamhD F06JRdCsPjyMmmeV wO/GtxeVGpneRxFO IJjOIUALqEGN1CHBj AYwDO8wpsnvRfv3f uYtxa8fOYQ/sD7/A FidI3G</latexit>
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Fig. 9: Illustration of Proposition 6.
We now prove that the maximum coverage problem has
value Cmax, if and only if the N -group maximum flow has
a value of Cmax. Assume first that the MCP has a value of
Cmax. We can then construct a corresponding flow in G as
follows. For each item ij that is covered in the optimal MCP
solution, we randomly pick one set Sk that covers ij in the
solution (there may be more than one sets covering ij). We
then send one unit of flow for commodity (zj , vk) from zj
to node uj , and subsequently from uj to vk. The constructed
multi-commodity flow is valid since it is easy to verify that
it respects all capacity and conservation constraints. Based
on that flow, we can also form a N -group flow. Indeed, by
definition the MCP contains at most N sets Si, so there can be
at most N nodes of the form vk participating in the flow. Since
the entire flow has to pass through these nodes, we claim that
the above flow is a N -group flow passing through (at most)
N nodes of the form vk. So, the N -group multi-commodity
flow is at least Cmax.
For the reverse direction, we argue that the N -group maxi-
mum flow cannot be greater than Cmax. To show this, assume
a group G of at most N nodes that can accept a flow of value
CN > Cmax. The nodes in G can belong to either Z or U
or V . However, note that the flow through node zj (for any
commodity of the form (zj , vk)) is equal to the flow through
uj . Hence, we can replace any node zj appearing in G by
node uj , without affecting the value of the group flow. Let’s
thus write G = UN ∪ VN , where UN ⊆ U and VN ⊆ V .
We also define U ′ ⊆ U − UN to be the subset of nodes in
U − UN that transmit some positive (non-zero) flow to any
node in VN . We next argue that for any node uj ∈ UN , the
total flow through uj over all commodities with source zj must
be one. If that were not the case, we could form a N -group
flow of higher value by increasing the flow for any commodity
(zj , vk) until the total flow on edge (zj , uj) becomes one.
This is possible since any commodity of the form (zj , vk)
can only route its flow through uj . This process respects all
capacity constraints and achieves a higher group flow, which is
a contradiction since we assumed a maximum N -group flow.
Similarly, we argue that the total flow over all commodities
from any node uj ∈ U ′ to the set of nodes in VN must be
one; otherwise, we could get a maximum N -group flow of
higher value by first removing any flow (if any) through uj
to nodes in V − VN , and subsequently increasing the flow
for any commodity (zj , vk) where vk ∈ VN until the total
flow through node uj becomes 1. This is always possible and
respects all capacity constraints. The two observations imply
that in the maximum N -group flow, the total flow over all
commodities to nodes in UN or U ′ must be one, and as a
result CN is an integer, equal to the cardinality |UN | + |U ′|.
Based on the N -group maximum flow, we can form a coverage
for the original problem as follows. For each uj ∈ UN , we
pick any node vk ∈ V where uj transmits some positive
flow (at least one such node must exist); similarly, for each
uj ∈ U ′, we pick any node vk ∈ VN where uj transmits some
positive flow. Based on that, each item ij , where uj ∈ UN or
uj ∈ U ′, is assigned to set Sk corresponding to the vk above.
The constructed coverage has value CN since it uses all CN
items in UN ∪U ′. Moreover, it uses at most N sets Sk, since
the number of sets cannot exceed the sum |UN |+ |VN | ≤ N .
This is a contradiction, since we assumed that the maximum
coverage has value Cmax < CN .
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An interesting corollary of Proposition 6 is the following.
Corollary 3. The N -group maximum flow is not possible to
approximate in directed graphs within 1 − 1e + o(1), unless
P = NP .
Proof. From Proposition 6 we can compute the MCP by solv-
ing an N -group multi-commodity maximum flow problem. In
particular, the MCP has a value equal to Cmax, if and only if
the N -group maximum flow has the same value Cmax. If we
were able to approximate the latter problem within 1− 1e+o(1),
that would imply that we can use the above construction to
approximate the MCP within a factor of 1− 1e + o(1), which
is however not possible unless P = NP [15].
Remark 5. In fact, Proposition 6 and Corollary 3 are also
true for undirected graphs. We omit the full details here, but
the main idea is as follows. We use the same construction as
in Proposition 6, albeit with undirected edges. We can first
show similar to the directed case that the N -group multi-
commodity flow in the undirected graph has value at least
as large as that of the MCP. For the reverse direction, we
note that the group flow in the undirected graph can generally
be at least as large as in the directed graph, since it can
use any path in the directed graph (and potentially more).
However, we observe that it is not possible for the undirected
graph that we construct to achieve a higher group flow than
the directed one, since the directed graph already has edges
of the form (uj , vk) for all commodities (zj , vk), which can
directly route the traffic from zj to vk. Thus, the maximum
group flows in the undirected or directed networks are the
same, and this implies that the N -group multi-commodity flow
in the undirected graph has value at most as large as that of
the MCP.
A natural question is whether group multi-commodity flow
falls under the paradigm of submodular function maximiza-
tion. First, the MCP that we used in the reduction of Proposi-
tion 5 falls under this paradigm. Second, similar results already
exist in graph centrality theory. For instance, group closeness
centrality is shown to be NP-hard, monotone, and submodular
[7]. This is also true for group betweenness centrality [8].
Definition 5. Consider a finite set of elements U and a
function g : 2U → R≥0. We call g monotone if adding an
element to any set S cannot cause the function to decrease, i.e.,
g(S ∪ {v}) ≥ g(S) for all v ∈ U and S ∈ 2U . Furthermore,
we call g submodular if the marginal gain from adding an
element to any set S is at least as high as the marginal
gain from adding the same element to a superset of S, i.e.,
g(S ∪ {v}) − g(S) ≥ g(T ∪ {v}) − g(T ) for all v ∈ U − T
and pairs of sets S ⊆ T .
Interestingly, our next result shows that multi-commodity
group flow is not submodular even though it is monotone.
Lemma 6. The function GF : 2V → R≥0 is monotone but
not submodular in directed or undirected graphs.
Proof. For monotonicity, note that adding a node can never
decrease the maximum group flow, since an additional node
does not decrease the number of available paths for the flow
(either it increases them or it leaves their number unchanged).
To show that GF is not submodular in directed graphs, it is
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Fig. 10: Illustration of Lemma 6.
sufficient to construct a proper counterexample. To this goal,
consider the directed multi-commodity flow network of Figure
10 with three commodities: commodity (s1, t1) with a demand
of 2 units, and commodities (s2, t2) and (s3, t3), each with
a unit demand. Assume the following two sets S = {s1}
and T = {s1, s2}, with S ⊂ T . For the corresponding group
multi-commodity flows it holds that GF(S) = GF(T ) = 2.
The reason is that edge (v1, v2) with a capacity of 2 acts
as the bottleneck that limits the total network flow to a
maximum of 2. Consider now node s3. We can again argue
that GF(S∪{s3}) = 2, since edge (v2, v3) with capacity 2 acts
as the bottleneck that limits the total group flow to 2 units.
However, note that GF(T ∪ {s3}) = 3: commodity (s1, t1)
sends one unit of flow along s1 → v1 → v2 → v3 → t1, com-
modity (s2, t2) sends one unit along s2 → v1 → v2 → t2, and
commodity (s3, t3) sends one unit along s3 → v2 → v3 → t3.
This suggests that GF(T ∪ {s3}) − GF(T ) = 3 − 2 = 1 >
GF(S ∪ {s3})− GF(S) = 1− 1 = 0, which implies that the
group multi-commodity flow GF is not a submodular function.
Finally, to show that GF is not submodular in undirected
graphs, we can use exactly the same counterexample as above,
except that the edges are undirected this time.
One implication of Lemma 6 is that we cannot use the
standard greedy algorithm by Nemhauser et al. [41] to find
a (1 − 1e )-approximate solution to the group flow. We note
nevertheless that the greedy algorithm would in any case not
be practical for directed graphs, given that computing the
maximum w-flow is already NP-hard by Proposition 1.
VI. RELATED WORK
A. Segment Routing and TE
Segment routing [16]–[18] is a recent paradigm that facil-
itates packet forwarding via a series of segments. Segment
routing has been explored with TE. Bhatia et al. [4] apply
2-segment routing to TE, where any logical path contains
only one middlepoint and thus two segments. Hartert et al.
[26], [27] propose heuristics to solve various TE problems
with segment routing. Contrary to these works, our goal is to
study the fundamentals of several variants of node-constrained
TE for both directed and undirected graphs. Aubry et al. [2]
propose to use segment routing for continuous monitoring of
the data plane of the network with a single box. Segment
routing is used to force probe packets to traverse specific paths.
Giorgetti et al. [25] propose algorithms for segment routing
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label stack computation that guarantee minimum label stack
depth. Such use cases are beyond our work.
TE has been extensively studied in carrier networks [10],
[20], [27], [28], [31], [48], and recently in data center back-
bone WANs [24], [29], [30], [38] with software defined
networking [14]. In general it is assumed that TE can use any
valid path in the network, or any path from a predetermined
set of paths. Node-constrained TE is clearly different.
B. Graph Centrality
The centrality concept from graph theory and network
analysis [42] identifies the most important vertices in a graph.
Centrality was first developed in social network analysis [5],
[22] to determine the most influential nodes. We review two
relevant centrality metrics. Betweenness centrality character-
izes the power of a node in terms of the number of shortest
paths that go through that node for a randomly picked source-
destination pair. Brande’s algorithm can compute this central-
ity in polynomial space and time [6]. Closeness centrality [23]
of a node is calculated as the sum of the length of the shortest
paths between that node and all other nodes in the graph. As
opposed to the aforementioned individual centrality, the group
centrality of a group of nodes C ⊆ V refers to the combined
centrality of the group [13]. Group betweenness centrality can
be approximated within a factor 1− 1e to the optimal [8], [44].
Group closeness centrality can also be approximated within a
factor of 1− 1e using the standard greedy algorithm [7].
Note that graph centralities have been applied to routing
in some SDN problems, such as service chain embedding
[40] and incremental SDN deployment [37], [39]. Solutions to
these problems are based on degree centralities, and use greedy
approximation algorithms exploiting submodularity [39].
VII. CONCLUSION
In this work we study the fundamentals of node-constrained
TE, where the traffic is constrained to go through specific
middlepoints. We show that the general node-constrained TE
problem is NP-hard for directed graphs, but strongly polyno-
mial for undirected graphs. Furthermore, node-constrained TE
with shortest paths is weakly polynomial, but its acyclic vari-
ant is generally NP-hard. An application of node-constrained
TE concerns flow centrality, whose computational complexity
we derive for both directed and undirected graphs. Lastly we
introduce and study group multi-commodity flow centrality.
Our work is important because node-constrained TE has
wide applicability in emerging networking technologies such
as segment routing but also because of its direct connection
to the flow centrality concept. Our hardness results hint at
the practical limitations of many variants of node-constrained
TE. For this reason, an important direction for future research
is the development of practical algorithms for the various
computationally hard TE variants as well as the group multi-
commodity flow.
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